International Journal of Ecological Economics and Statistics;

Volume. 41, Issue No. 1; Year 2020; Int. J. Ecol. Econ. Stat.;

ISSN 0973-1385 (Print), ISSN 0973-7537 (Online)

Copyright © 2020, [International Journal of Ecological Economics & Statistics]

Dynamic Response of Evolved Atherosclerotic Plaque
Model and its Stability

Debasmita Mukherjee ' ,Lakshmi Narayan Guin' and Santabrata Chakravarty'

!Department of Mathematics, Visva-Bharati,

Santiniketan, 731235, WB, India
Email: debasmita.mukherjee24@gmail.com ; guin_In@yahoo.com; santabrata2004@yahoo.co.in

ABSTRACT

The present study is dealt with the formation of a mathematical model of atherosclerotic
plaque evolved through the interactions among various cellular species in the biochemical
process causing concern of health hazard for impairment of the cardiovascular system. Of
many participating species several important species like LDLs, HDLs, radicals, oxidized
LDLs, chemo-attractants, monocytes, macrophages, T-cells, smooth muscle cells (SMCs)
and the necrotic core are selected to interact in the process. As the proposed model admits
global stability, it can cater for larger range of parameter values towards acceptability for in
silico studies on atherosclerotic plaque formation. The large system of differential equations
(ODEs) emerging from the dynamics of all the cellular components forming plaque in the
arterial lumen is reduced to smaller system for an in-depth study on the characteristics of
the participating cellular species including their individual contributions to the association /
dissociation of plaque. The quasi steady state approximation theory (QSSA) is inducted for
the purpose of reduction of the primal system into a smaller ones (Model A and Model B) by
way of protecting contributions of those nonexistent species in terms of the concentrations
of the participating species in the reduced system. The present model system experiences
bifurcation with respect to a couple of parameters of significance. The applicability of the
proposed plaque model is validated through a comparison of the present results with those
of the existing experimental data.
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1 Introduction

Atherosclerosis is a chronic vascular disease causing hardening of the arteries. This is orig-
inated by inflammation in the intima, the inner lining of the arterial wall, where many cellular
components like low density lipoproteins, monocytes and macrophages interact among them-
selves in the process to form complex fat-laden foam cells which are accumulated. This pro-
cess of aggregation of such cells in the arterial lumen is in general termed as plaque formation
(Libby, Ridker and Maseri, 2002). Atherosclerosis is the foremost agent for many diseases
leading to the malfunction of the cardiovascular system. Cardiovascular diseases are usually
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classified into two categories. One is in the presence of atherosclerosis, the ischaemic heart
disease or coronary arterial disease, the cerebrovascular disease or lesions of blood vessels
including hypertension and peripheral vascular diseases may emerge. Other cardiovascular
diseases in the absence of atherosclerosis are the usual congenital heart disease, rheumatic
heart disease, cardio-myopathies and cardiac arrhythmias (Organization, 2011).]. It has been
reported that 31% death occurs due to cardiovascular diseases of which the ischaemic heart
ailment and cerebro-vascular disease under atherosclerotic condition are the supreme cause
of death worldwide setting very alarming statistical record.

Early stages of atherosclerosis are generally not symptomatic. In the pre-clinical stage, early
atherosclerotic lesions of type | and type Il get under way with a small bulge comprising lipid
deposits in the arterial lumen (Kharbanda and MacAllister, 2005). In the wake of type Il lesion
development however requires longer spell of time nearly 14 — 15 years and it embodies extra-
cellular lipid pool core with a fibrous cap concocted from collagen-rich matrix as evident from
(Hansson and Libby, 2006) and (Kharbanda and MacAllister, 2005). It induces further towards
advanced lacerations of type IV and type V comprising lipid core capped with a fibrous tissue.
These highly developed plagues when experienced in the event of thrombosis or hemorrhage
are referred to type VI lesions (Kharbanda and MacAllister, 2005).

According to the latest reports (Benjamin, 2017) it has been observed that outbreak of coro-
nary heart disease is more common among patients of middle age group of forty plus. The
prediction of WHO in its report (Parton, McGilligan, OKane, Baldrick and Watterson, 2015)
seems to be alarming that the global population with sixty plus age group will be doubled to
22% in 2050 from its 11% in 2000. It underlines inordinate importance of coming up with exper-
tise to enhance the therapeutic investigation on this disease.

This is a multiphase process involving several factors operating on different length scales,
it is natural to approve mathematical modeling in order to understand the characteristics of
complex dynamics emerging from the biochemical process for the appearance of the lesions.
The evolution of atherosclerosis is contemplated here as a continuous process represented
mathematically as a system of nonlinear ordinary differential equations. Both the transient and
quasi-steady state responses of the participating cellular components involved in the proposed
model are examined.

1.1 Pathogenesis of atherosclerosis

Atherosclerotic plaques are formed within the intima, the innermost layer of artery wall. In-
tima is separated from streaming blood by a thin permeable layer of endothelial cells, known
as endothelium. The ‘response to injury’ theory by Ross and Glomset (Ross, Glomset and
Harker, 1977) postulates that atherosclerosis formation gets underway with a lesion in the
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arterial lumen which involves complex interactions among several cellular components like
cholesterol, immune cells, smooth muscle cells (SMCs), together with the tissues of the artery
wall and blood flow. Low density lipoproteins (LDLs), one of the five major lipoproteins of blood
diffuse through the endothelium lesion and enter into the intima. LDLs are made up of lipid
core, a suface protein and antioxidant (Cobbold, Sherratt and Maxwell, 2002). When LDLs
are in the blood they don’t get oxidised but once they enter into intima free radicals pene-
trate on the LDL particles and destroy their antioxidants. They form a new molecule, which is
most commonly known as oxidised LDL (ox-LDL). When LDLs enter into the intima, HDLs also
move into the intima and get oxidised by free radicals (McKay, McKee, Mottram, Mulholland,
Wilson, Kennedy and Wadsworth, 2005). Unlike ox-LDL , oxidised HDL does not involve in the
plaque formation, rather it obstructs the biochemical process (Barter, 2005). In the presence
of ox-LDL, the ECs produce vascular cell adhesion molecule (VCAM1) (Libby et al., 2002)
which attracts T-cells and monocytes into the intima. In addition to this ECs and SMCs se-
crete chemoattractant, in particular monocyte chemoattractant protein (MCP-1) in the intima.
This triggers the inflammation process (McKay et al., 2005). Then the proliferation chemicals
secreted from T-cells differentiate monocytes into macrophages. These macrophages have
scavenger receptors. The macrophages ingest ox-LDL via scavenger receptors and turn into
fat laden foam cells. These foam cells and several dead cells all together form the plaque.
The oxidised HDL are not ingested by the macrophages while plaque formation. HDL se-
crete a protein namely, Apolipoprotein A-I which promotes the efflux of cholesterol from the
accumulated plaque and HDL carries this cholesterol outside the intima (Linsel-Nitschke and
Tall, 2005). This is the one of the major processes of cholesterol efflux. HDLs interact with
all other species and strive to reduce the speed of plaque formation. SMCs are induced by
chemoattractant and migrate into the intima. While in the intima SMCs secrete extra cellu-
lar matrix (Collagen) which forms a fibrous cap betwen the plaque and endothelium. When
the plaque increses to such a level that the wall shear stress of endothelium layer crosses
beyond a threshold value, plaque bulges into lumen and the fibrous cap ruptures. It disturbs
the smooth blood flow in lumen and a thrombosis or haemorrhage occurs thereby ((Cobbold
et al., 2002),(Hansson and Libby, 2006), (Libby et al., 2002),(McKay et al., 2005)).

1.2 Earlier models

Quite a good number of mathematical models in terms of both ordinary and partial differential
equations (ODEs and PDEs) describing the evolution of atherosclerosis has been introduced
in the recent past. Cobbold et al. (Cobbold et al., 2002) have demonstrated that HDL and
vitamin-C are more favourable than the supplementation of vitamin E through their LDL oxida-
tion model. An ODE model of the formation od atherosclerosis has been taken up by Mckay et
al. (McKay et al., 2005) which was modified subsequently into a PDE one depending on the
objectives. All the stages in the making of atherosclerosis are described precisely without per-
forming any quantitative analysis. Bulelzai et al. (Bulelzai and Dubbeldam, 2012) focused their
attention on the effects of the wall shear stress and the radius of the arterial wall on the evo-
lution of atherosclerosis in their ODE model. Ougrinovskaia et al. (Ougrinovskaia, Thompson
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and Myerscough, 2010) has also considered an ODE model with three important components
ox-LDL, macrophages and foam cells. They have set some values to the model parameters
and successfully performed the phase plane analysis and the simulation as well. Utilising the
set of parameter values they have shown that the macrophage proliferation instigates the le-
sion instability rather than the influx of LDL in intima. Subsequently, Cohen et al. (Cohen,
Myerscough and Thompson, 2014) modified the model of Ougrinovskaia et al.(Ougrinovskaia
et al., 2010) with the inclusion of HDL in the system. They have shown that HDL reduces the
rate of plaque growth. An extensive list of all these previous models and their discussions are
clearly pointed out in (Parton et al., 2015).

Recently, an ODE model for the development of disease has been conducted by Anlamlert et
al. (Anlamlert, Lenbury and Bell, 2017) to study on proliferation rate of extra-cellular matrix
(collagen). They investigated the stability and oscillatory behaviour of the system. On the
other hand, a series of PDEs has been taken up by Hao et al. (Hao and Friedman, 2014)
for model representation comprising several key cellular components forming atherosclerosis.
They concentrated their study on the LDL-HDL ratio and estimated its effect on plaque forma-
tion. Another PDE model was also described by Chalmers et al. (Chalmers, Cohen, Bursill
and Myerscough, 2015) who have identified the influences of two bifurcation parameters con-
cerning the rate of LDL insertion into intima and blood monocyte count level together with their
contribution to the evolution of atherosclerosis.

The proposed study is based on a mathematical ODE model of atherosclerotic plaque where
many cellular species like LDL, HDL, radicals , oxidised LDL, chemoattractants, monocytes,
macrophages, T-cells, smooth muscle cells and the necrotic core come into play. The quasi
steady state approximation theory is inducted for reduction of the large system into smaller
ones referred to Model A and Model B. Stability analysis of the models in this study is being
done in a similar fashion provided in (Rahman and Chakravarty, 2013), (Ali and Chakravarty,
2015). The present model system experiences bifurcation with respect to a couple of parame-
ters. An attempt has been made to validate the applicability of the proposed model.

The organisation of the article is: in Section 2 model is being formulated, in Section 3 the model
is nondimensionalised and in Section 4 stability analysis of the rescaled model has been done.
In Section 5 the model is reduced into 2 models, namely Model A including HDL and Model
B without HDL. In Section 6 stability analysis is being performed for the reduced model. Next,
in Section 7 numerical results of the theoretical findings are shown, in Section 8 the model is
validated and finally in Section 9 the article is concluded with a concluding remark.

2 Formulation of the Model

Several important cellular species, namely LDLs, HDLs, free radicals, modified / oxidized
LDLs, chemo-attractants, monocytes, macrophages, T-cells, smooth muscle cells, plaque (or,
necrotic core) involved in atherosclerotic plaque formation are considered for the biochemical
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Figure 1: Schematic diagram of atherosclerotic plaque (necrotic core) formation and HDL involvement.
process as described in Figure 1. This process is modelled mathematically in terms of ten first

order nonlinear ODEs. The model equations are defined below with proper explanation of all
the terms involved therein.

dL RL

it UL_kLcsRJrR_dLE’ @1
% - ”H_kHaffR_“H(ﬂ_ng’ 22
% = op— (kL + kHﬁ) o + 7 —drE, (2:3)
Z—T = puC + V(gﬁﬁ;zz — puin — qm% = dpin, (2.6)
%4 = pMI+ ey 62Nji]§,2 B gz"]f); —du M, @7
% = psC—mgS — q55H~+~ﬁ —dsS, (2.9)
% = %+ms§—pefﬁ—dNN7 (2.10)

Here L, H, R, X , C, m, M, T, S and N represent the respective time-dependent concentra-
tions of LDLs, HDLs, free radicals, oxidized LDLs, chemo-attractants, monocytes, macrophages,
T-cells, smooth muscle cells, plaques while the remaining parameters of the model have their
nomenclatures listed in Table 2. In equation (2.1), the first term represents a constant source
of LDL being supplied by the blood stream, the second term corresponds to reacting LDL with
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free radicals resulting in reduction of LDL concentration and the third term denotes the death
of LDL. Similarly in equation (2.2), first term represents constant source of HDL, second term
is the loss of HDL due to interaction with radical, third term represents loss of HDL due to
its involvement in efflux of cholesterol from plaque and the last term denotes death of HDL.
Equation (2.3) governs the evolution of concentration of free radicals in which the first term
relates to constant source of free radicals available from blood while the second term is its
loss due to interaction with HDL and LDL and the third term denotes its natural death. HDL
controls the biochemical process of plaque formation. HDLs presence affectlng on oxidised

CH
n(2.4), ac5 75
(2.5) qm5 +H (2 6), QT6H+fI in (2.8) qé(ssfg in (2.9) respectlvely. The equation (2.4)

corresponds to oxidized LDL concentration evolution expresses in terms of producing oxidized
LDL due to reaction of LDL with free radicals and the loss incurred by macrophages ingestion
specified by a response function ”L"MX and interaction with HDL ¢x ;7 and the last term
is the loss due to death. In equatl}on (2 5), first term denotes the productron (at a rate pro-
portional to oxidized LDL), second term is loss due to interaction with HDL and the last term
denotes death of chemoatractants .The evolved monocyte concentration in equation (2.6) has
three terms on its right hand side of which the first term denotes its production due to pres-
ence of chemoattractant in the intima, second term 'yéf ™ relates to the interaction between
monocytes and oxidized LDL resulting in the evolution of monocytes where ~ is inversely pro-
portional to wall shear stress, while the third denotes its reduction due to its differentiatiation
into macrophages, fourth is its loss due to interaction with HDL and the rest is death of mono-
cytes. In the equation (2.7), the first term appears from differentiation of monocytes into the

form of macrophages, second term p.; > —= 52 is a source term of macrophages due to efflux
of cholesterol from plaque, third term ’;’;MX is the loss due to ingesting oxidized LDL and the
X

last term represents the death of macrophages. In concentration rate of T-cells as in equation
(2.8), the first term signifies its attraction by the chemo-attractants into the intima while the sec-
ond term represents loss due to interaction with HDL and the third term is the loss by death.
The terms of equation (2.9) comprise (i) induction of smooth muscle cells into the intima by
chemo-attractants, (ii) loss of smooth muscle cells for production of collagen, (iii) loss due to
interaction with HDL and (iv) death of smooth muscle cells. In equation (2.10) first term ‘Z;;MX

represents elements of combined portion of foam cells and fibrous cap, together which is pop-
ularly known as plaque, second term is contribution of SMCs if formation of fibrous cap, third
termis loss due to cholesterol efflux and the third term is the loss due to death. Contributing all
other components’ dead counterparts in foam cell formation is disregarded in order to reduce

the complexity of the model analysis.

3 Rescaled model

To make the system dimensionless one may consider a rescaling in the time variable ¢ by
using the realtion 7 = rt, in which r is dependent on the concerned time scale. Here t is first
set in seconds and r is considered as 6 x 10~7 sec™! (Chalmers et al., 2015), to make the
equivalency as: 7 = 1 unit of non-dimensional time is equivalent to 19 days approximately. The

21



International Journal of Ecological Economics & Statistics

rescaled equations are:

flé = bu— 612% —bisL, (3.1)
% = ba — b2 1I:~I_RR — bo3 11:]_]\][52 — bouH, (8.2)
% = by — (bgL + bng)l—kiR — b3 R, (3.3)
% - b”liLR B bfﬁXX; ~bn 1)-?2 — buaX, (34)
CjTS = bnX - b52% — b53C, (3.5)
62—7: = bs1C+ b@g% — bgzm — by 177_:_}2 — bgsm, (3.6)
ddi: = bgzm + bra 1Zj_2]1\1;2 - bf_f_»gij — by M, (3.7)
% = bs1C — ngiiH — bs3T, (3.8)
% = bg1C —bg2S — 59315_;_7HH — bya'S, (3.9)
% = % + bg2S — b102ﬁ7NN22 — bios NV, (3.10)

where,

L=1L/5x, H=H/éy, R=R/op, X = X/6x, C =C/dx, m=m/dx,
M=M/éx, T=T/5x,8=5/5x, N=N/éx, bi1 = ar/6xr, bia = kr/r,
biz =dp/r, b1 = o /0ur, baa = ku/r,bes = pm /7, boaa = du /7, b31 = or/oRr,
by = krdx/70R, b3y = krdm /rOR, b3z = dr/7, baa = pin/r, baz = qx /T,

bas = dx /1, bs1 = pc/r, bsa = qc/r, bsz = dc/r, ber = pm/T, be2 = /T,

bez = par/7, 064 = qm /7, bes = dm [T, bra = pesdm/rox, bra = dar/r,

bs1 = pr/r, bs2 = qr/7, bgg = dr/r, b1 = ps/r, boa = mg/r, bog = qs/r,

bos = ds/r, bio1 = Pindx /70N, b102 = Pefdr/ron, bioz = dn/T.

4 Stability Analysis

The following theorem shows that under certain suitable conditions, all the solutions of the
system of equations (3.1) - (3.10) are non-negative. A set I' in R1° may be ascertained such
that all solutions starting in T' remain bounded.

Theorem 4.1. Let all the parameters of the system of equations (3.1) - (3.10) be positive and
I be a region in R1° defined as,

I ={(L,H R X,Com,M, T,S,N) eR0<L<LO<H<HO<R<RO0<X<X,0<
C<C0<m<m0<M<MOLT<T,0<8<S8,0<N <N. ThenT is positive
inavariant and all the solutions starting fromT" are uniformlly bounded, the parameters over bar
are being the respective upper bounds.
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Proof: First one may make an attempt to prove the positive invariant part.

Let (L(0), H(0), R(0), X(0),C(0),m(0), M (0),7(0),5(0), N(0)) € I.

If possible, suppose L(7) be non positive. Then there exists 7y > 0 such that L(ry) = 0 and
L(7) > 0 for any 7 satisfying 0 < 7 < 7. Then necessarily

dL
E|7‘:T0 S 0.
This is a contradiction, because
dL R(70)L(70)

s = by — by TOETO) o) = by > 0.
d7| o = b1t b121+R(7'0) 13L(79) = b1y >

Hence, L(7) is positive V7 > 0. In exactly similar way H(7), R(r), are positive Vr > 0 can
be shown, so these proofs are omitted here. Next, suppose X (7) be non positive. Then there
exists 7o > 0 such that X (7)) = 0 and X(7) > 0 for any 7 satisfying 0 < 7 < 7. Then
necessarily

dX

El‘r:‘ro S 0
This is a contradiction, because
ﬂ| _p, B0)L(T0)  bM(70)X(r0)* |, X(70)H(mo) X(ro) = b R(70)L(10)
dr 7= T P11 R(r) 1+ X(7)? BT H(r) VY T RPTTE R(n)

Hence, X (7) is positive V= > 0. Similarly positivity of the remaining variables viz. C(7), m(r), M (7),T(7),
S(r) and N (1) can be shown so those proofes are not being provided here. Next the part of
boundedness may be shown as follows:

From equation (3.1), one may have

dL RL
O b b bl
i 1 = biag——p — b
L
== L +bi3L < big
dr

= L(r) < bu + kpe(7087),
bis
where &, is a positive integrating constant. The term r;e(~137) vanishes as t — co. So,
L(r) < Zi—; as, t — oo, i.e L(7) remains bounded V= > 0. Similarly one can prove the bound-
edness of H(7) and R(7). Now to prove the boundedness part of X (7), one may assume
Wi(r) = L(7) + X(7)

Then,
awv, _ dL ax
dr  dr = dr
RL byo M X2 XH
= by —bisL+b - —b —buX
b b121+R 1L+ 2T TR T 15 X2 BT g M

< bip —bisL — bzl14X

Now from biological point of view, it is assumed here that b3 ,death rate of LDL is greater than
bys death rate of oxidised LDL.
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Consider,
% +baaW bi1 — bisL — byua X + by L + by X
b1y — (big — bas) L
< b
= Wi(r) < % + Koel7baa7)

Then from similar logical argument as above we can say that W, (r) is bounded and hence
X(7) is bounded. Next boundedness of C(r), m(r), M(r), T(r), S(r) and N(7) can be
shown in similar fashion, as in (Anlamlert et al., 2017).

4.1 Equilibrium points

The above complex system (3.1) - (3.10) has only one equlibrium point namely, the interior
one. Let us denote it by v, = (L¢, He, Re, Xe, me, Me, Te, Se, Ne), Which is the non-zero ten-
tuple solution of the following system;

b = biog g —bsl = 0, (4.1)
b1 — b22% - b231H+7]\§52 —byH = 0, (4.2)

byy — (byyL + ngH)HiR — bR = 0, (4.3)

bwl}erR - bfszx)f — by 1‘2}; —buX = 0, (4.4)
b1 X — bsz% —bssC = 0, (4.5)

be1C + bes ff 5 — beam = b 1’1}2 besm = 0, (4.6)
bezm + bra 1]1 2]132 - bﬁ”;f —buM = 0, (4.7)

bs1C' — bsy iHH —bsT = 0, (4.8)

bo1C — bgaS — bgg% —bouS = 0, (4.9)

% + bgaS — bm% —bisN = 0, (4.10)

Theorem 4.2. The system represented by (3.1) - (3.10) is locally asymptotically stable.

Proof: To prove the system is locally stable, one needs to consider the corresponding lin-
earised system. Let us suppose the Jacobian matrix corresponding to (3.1) - (3.10) is J. After
evaluating this Jacobian matrix at the equlibrium positions of the system (3.1) - (3.10) one gets
the characteristic polynomial at each of these equlibrium. As the calculation is quite complex,
so here a general approach is provided to prove the stability of this system. Denote the jaco-
bian matrix obtained at equlibrium point by V*. Suppose the characteristic polynomial of V*
may be expressed as, 2'94-coa? +cgax® +cra” +cex8 45’ + gt +ezrd+cor? ezt = g(x)
where ¢, = (=1)"07% 30 115, V*[D], i.e, ¢ are the sum of all principal minors of order (10—k)
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of the matrix V* multiplied by (—1)'%~*. Here D C {1, 2, ..,10} and V*[D] denotes the principal
minors of V* formed by the columns and rows with indices from D. Let us denote, 1 = wujq1,
€8 = U102, C6 = U103, C4 = U104, C2 = U105, CO = U106, C9 = UYl, C7 = UQ2, C5 = UY3, €3 = UYd,
¢1 = ugs. Then Routh table of the polynomial g(x) may be formed as in Table 1;

where u;; = "““”'““”)(”3(:‘1(;“>U*”““”W), fori=0,1,2,..,10and j = 1,2, ..., 6.

10
z U101 | U102 | U103 | U104 | U105 | U106
1’9 u91 Uug92 u93 Uu94 Uug9s 0
8
x® | ugy | usy | usz | usa | ugs | O
a7 | upy | ur | ugs | u |0 0
25 | ugr | ugy | ugs | ugs 0 0
I’5 Uus1 Uus2 Us3 0 0 0
.1'4 U41 U492 U43 0 0 0
.2'3 usl us2 0 0 0 0
.1’2 U1 U2 0 0 0 0
T U1l 0 0 0 0 0
1 Uo1 0 0 0 0 0

Table 1: Routh table of V*

Routh-Hurwitz criterion states that a system is stable if and only if all terms in the first column
are positive and if these conditions are not satified then there will be an unstable solution(Nise,
Norman S, 2011).

Theorem 4.3. The system (3.1)-(3.10) is globally asymptotically stable, if
mm(V;'J) > max(Vyj), fori=1,2,..,10 and j=1,2,3.

where V!

i;» Vij are defined in the proof section.

Proof: Consider ,
L H R X
V = (L-L.—- Lelnfe) +(H—-H,— LelnE) +(R— R, — RelnR—e) + (X - X — Xelnz)

M T
+(C-C.— C’elng) + (m—me — melnﬂ) + (M — M, — Mn—)+ (T — T, — T.ln—)

Ce me ]We T,
S N
+(S — Se — SelnST‘) + (N - Ne - Nelnﬁg)
10
=YV (4.11)
i=1

where (L¢, He, Re, Xe, me, M., Te, Se, Ne)= ve, Say, is the interior equlibrium point of the system
(3.1)-(8.10) and V; = (fi— fi.— fi.In+-) where f; = L, H, R, X,C,m, M, T, S, N fori = 1,2, .., 10
respectively.
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Now at v, the right hand sides of equations (3.1)-(3.10) is 0 and hence we obtain,

bi1 — b2 leIEe —bizsLe = 0
= b1 = b 1R+[1/:i + b13Le,
ba1 — ba2 1}16}1?% 23 ﬁi]ﬁg byuHe = 0
= by = by lhfi]l%%ee + b2 1H+]X,22 + bas He,

R
b31 - (b/32LL + bg2H€)r_Re _ b33Re = 0

— b = Lo+ UpH) o + b
b2 1RjL];E - bff});g — bas ﬁi{i —buXe = 0
= b = 1R+ellie [bff}é + ba3 1)2_[;; + bya X,
bs1 Xe — bsz% —b53Ce = 0
= b5 = [552 1C+P}{I + b53Ce],
be1Ce + b2 ETZCE bezme — bga fl_ii;e —besme = 0
= be1 = Cl’e[ be2 1X_i X2 + bezme + bea +§[{ + bgsmel,
besme + br2 1]\:_ iz - bff}ég —buM, = 0
= bes = H@[—bn 1]\:%?\;3 + bfﬁ{}é‘? + braMe],
bs1Ce — bsa lTjP;;e —bg3T. = 0
— by = Cie[bs fjﬂl + bg3 T
bg1Ce — byaSe — b3 IS—T—%E —bgsSe =
= by = Cie[bsnse + bgs 1Sf[[;e + boaSel,
blflf;();g — bio2 fii]j\; —biogNe = 0
= bio1 1]J))((22 [b102 f{:NNZ + b103Ne].

Then using these above equations and performing a straight forward calculation one may get

10

V= ZV da J;)f (4.12)

i=1
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where,
Vi < —bis(L— Le)? +bia(ReLeL + LeRL),
-V, Vi
Vo < —bou(H — He)? + by (H.R.H + H.HR) + by3(HH.N, + H.HN),
Az Va1 Va2
Vs < —bsz(R— Re)?+byo(LeReR + R.LR) + Vo (H.R.R + R.HR),
Vi Va1 Vaa
Vi < —bu 11?3( — Xo)2 +buX(XRL + X R.L.) +byo(M, X*RLX + R, L. X.MX?)
Vi Va1 Vo
+by3(X H. XRL + X R L X H),
Vas
Vs < —bs3X(C — Ce)® + bsa(CeHeCX + CoXCH) + b53C(CX + CeXe),
-V Vai Va2
Vs < —(bgz + bes)C(m — me)? + (bes + bes)m(Cm + Ceme) 4 bea(Ce X >m? + X2m.Cm)
-V Ve Ve2
bga(meH.Cm + ComemH),
Vo3
Vi < —bum(M — M) 4 brp(me MN?H + M N2Hom) + bao (M X2mM + me MM X?)
VI Viry Vi
braM (mM + meM.,),
Vi3
Vi < —bgsC(T = T.)% + bso(T.H,CT + C.T,TH) + bssT(CT + C. T,
Vi, Va1 Va2
Vo < —(bog +boa)C(S — S)2+ (bog + boa)S(CS + CoSe) + boz(Se H.SC + C.S.HS),
-V Vo Voo
Vio < —bioa(N — N)? M);Q +b1o3(MX2N? + M, X?>N,N) + byoo(H.N*M XN + M, X?N,HN?)
7‘/1/01 Vio1 Vioz
+bga(XZMSN + S.N.X?*M).
Vios
Hence, if,
min(V};) > max(Vi;),fori=1,2,..,10 and j=1,2,3. (4.13)
where V;, V;; are defined as above and remaining V;;, Vi;’s which are not provided here are

assumed to be 0, for example Vis = Vi3 = Va3 = 0 and so on, then we must have

V<0 (4.14)

Also from equation (5.10) it is clear that V = 0 at v.. Hence by Lyapunov-Lasalle’s invariance
principle (Hale, 1969) the proof follows.
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5 Reduced model

The complexity of handling the large system compels one to reduce it to a smaller one in order
to analyse it further. Fixing the parameters involved in this system (3.1)-(3.10) with numerical
values provided in Table 2 one can consider the time-series plot of the entire system. In a
similar fashion (Li and Xu, 2016) using Quasi Steady State Approximation (QSSA)theory one
can reduce the system from a ten dimensional nonlinear ODE model into a four dimensional
nonlinear ODE model involving LDLs, HDLs, monocytes and plaque as the dependent variable.
Later on one can consider another submodel from this by switching off HDL entirely from this
reduced model, in order to analyse the system in absence of HDL. As few of the parametric
values are assumed due to nonavailability of sufficient clinical data, the dependent variables
involved in the reduced model may alter if the numeric values of the parameters involved go
through a significant change.

We rename the model involving HDL as one of the dependent variable as Model A and the
submodel obtained from this by switching off HDL as Model B in our subsequent calculations
and analyses. The steady state conditions are:

R
b31 — (bhoL + g H)——— —b3sR = 0 5.1
31 — (3oL + b5y )1—|—R 33 ; (5.1)
RL  bpMX? XH 7
b121+R_ X2 —b431+H—b44X = 0, (5.2)
CH
bs1 X — b —b =
51 521 i 53C 0, (5.3)
N?H bya M X2
bgzm +b721 TN e xe braM = 0, (5.4)
TH
b — b —bg3T =
g1C 827 g U8 0, (5.5)
SH
bo1C — bgaS — by; “buS = 0.
91C' — bga S 931 945 0 (5.6)
From (5.1) one may have,
71 (1 — |
R— —lH \/1127 (5.7)
where,
w1 = —bs1+ bézL + bng + b33, (58)
py = b3 — 2b31bhyL — 2b31by H + 2 bggbyy + by L2 + 20 Ly H + 2 by Lbss + by H
+2 ngHbgg + b332. (5.9)

One can assume , death rate of macrophages b74 = 0 in steady state condition, as death rate
of monocytes is already considered in the reduced model .Then from (5.4), one may obtain

MX? 1 N2H

1+ x2 = @ (b63m + b72m> = p3(say). (5.10)

From (5.2) and using (5.10) one may get,

biotls — b
¥ — 121+§ 42#3. (5.11)
bazyg + baa
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Again, from (5.10) one may get

14+ X2
Next from (5.3), one may obtain
bs1 X
C= " (5.13)
bsa g + s
Next from (5.6), one may obtain
bg1 C
= e : (5.14)
boa + bos T + boa
Hence the reduced model is:
dL
— = b1 b — bisL .
dr 11 121 TR 134, (5 15)
dH HR HN?
— = by —b —b — by H .
dr 21 221+R 231+N2 2411, (516)
dm X%m
i be1C + b62m — bgzm — b641 TH besm, (5.17)
dN bior M X2 HN?
_— = — biog——— — bigsN. .
e 1+ X2 + bga S — b1g2 1T N2 b1os (5.18)

where only L, H,m and N are dependent variables and all other variables from the original
model system in steady states form, are assumed as described above. In subsequent cal-
culations the system (5.15)-(5.18) is referred as Model A . Similar theoretical and numerical
analysis have been carried out on Model B, consisting of equations (5.15),(5.17) and (5.18), in
the absence of HDL.

6 Stability and Bifurcation Analysis of the Reduced Model

6.1 Positivity and boundedness

Positivity and boundedness of the dependent variables involved in (5.15) - (5.18) are similar
to those corresponding to the original model represented by (3.1) - (3.10). Hence the cellular
species involved in Model A and Model B are positive and bounded.

6.2 Equilibrium points

Similarly as the original system the reduced model system has also only the interior equlibrium
point Ey = (Lo, Ho, mo, Ny). One can obtain the equlibrium point by solving the following

system:
RL
b1 —b —bisL = 0, 6.1
11 = bagp — big : (6.1)
HR HN?
_ _ =~ _poyuH = 2
ba1 b221+R 172314_]\[2 baa 0, (6.2)
X32%m mH
bg1C + b62m — bgzm — b641 T besm = 0, (6.3)
bio1 M X2 HN?
% +b928 —biop s —bisN = 0. (6.4)
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6.3 Global stability

Local and global stability of the dependent variables involved in (5.15) - (5.18) are similar to
those corresponding to the original model represented by (3.1) - (3.10). Hence both the Model
A and Model B are globally stable.

6.4 Bifurcation Analysis

Theorem 6.1. The reduced system (5.15) - (5.18) exhibits a saddle node bifurcation around
the equlibrium point Eqy at bygy = by,

Proof Let the Jacobian matrix corresponding to (5.15)-(5.18) at the equilibrium point Ej be,

Ju Jiz Sz Jua
J- J- J- J.

Ao [P T2 s Ju (6.5)
J31 J32 J33 J3

Jun Jao Juz Jus

where details of .J;; are not provided for the sake of brevity. The matrix A has a zero eigen-
value iff detA = 0. Solving detA = 0 one gets, biga = bi1. The other eigen-values of A
are evaluated at bip2 = b[l‘B’;] and one of them must be negative in order to get a saddle-node
bifurcation. Let » and ¢) be the eigen-vectors corresponding to the eigen-value 0 of the matrix

A and its transpose AT respectively.

01 01
. . 0 ~ 1)
The eigen-vectors are obtained as, i) = | and ) = 2 , Where 0, for k = 1,2, 3,4 are the
3 3
94 54

roots of the sytem Zizl Jibr = 0fori =1,2,3,4 and o for k = 1,2, 3,4 are the roots of the
system >i_, Juidr = 0 fori =1,2,3,4.
Denote RHS of (5.15) - (5.18) by H. Then we evaluate Hy,,,. It is clear from the expres-

0
sions on RHS of (5.15) - (5.18), that H;,,, = 8 , Where f denotes the derivative of RHS
f
0
function in (5.18) W.rt. bioz. SO, Hp,y,(Eo,blil) = 8 , where fT denotes the value of
7t

F at (Eo,bE). So one may obtain then, 7 H,,,,(Eo, b)) = 64ft # 0. Also, we see
that 1/3T(D2Hb102(E0,b[l‘“o’;])(zp,zb)) +# 0, where D? operator is defined later, detailed explana-
tion can be found in Perko, (Perko, 2008). Following Sotomayor’s theorem given in Perko,
(Perko, 2008) one may conclude that at b1p2 = b[f()"z’], the system (5.15) - (5.18) goes through a
saddle node bifurcation.

D? operator: Let & = F(x,)\), where & = (1,12, 23,24) € R*, X is a parameter and F =
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Parameters Description Numeric values* Source
b1y constant source of LDL 64 (Cobbold et al., 2002)
b2 reaction rate of LDL and radicals 0.5 x 107 (Cobbold et al., 2002)
bi3 death rate of LDL 40 (Cobbold et al., 2002)
ba1 constant source of HDL 20 present study
boo reaction rate of HDL and radicals 6.7 x 10° (Cobbold et al., 2002)
bas cholesterol efflux rate 0.1 (Cohen et al., 2014)
boy death rate of HDL 0.1 present study
bs1 constant source of radicals 100 present study
by reaction rate of LDL and radicals 0.5 x 107 present study
by reaction rate of HDL and radicals 6.7 x 10° present study
b33 death rate of radicals 2.3 x 10° (Cobbold et al., 2002)
bao ingestion rate of macrophages and ox-LDL 104 present study
bas interation rate of oxidised LDL with HDL 0.1 present study
baa death rate of ox-LDL 10 present study
bs1 rate of production of chemoattractant 10 present study
bs2 interation rate of chemoattractant with HDL 0.1 present study
bs3 death rate of chemoattractant 10 present study
be1 production rate of monocytes 100 present study
be2 monocyte insertion rate into intima inversely varying with WSS 1000 present study
bes differentiation rate of monocyte into macrophages 2 (Bulelzai and Dubbeldam, 2012)
bea interation rate of monocytes with HDL 10 present study
bes death rate of monocytes 10 present study
bra macrophage production rate from effluxed cholesterol 0.009 (Cohen et al., 2014)
bry death rate of macrophages 0.1 (Chalmers et al., 2015)
bs1 rate of production of T-cells 0.1 present study
bgo interation rate of T-cells with HDL 0.1 present study
bs3 death rate of T-cell 7 (Hao and Friedman, 2014)
b1 rate of production of SMCs 10 present study
bga migration rate of SMCs from media to intima 0.1 present study
bos interation rate of SMCs with HDL 0.1 present study
boy death rate of SMCs 17 (Hao and Friedman, 2014)
bio1 production rate of plaque 10* present study
bio2 efflux rate of cholesterol 1 present study
b1o3 death rate of foam cells 0.6 (Hao and Friedman, 2014)

Table 2: List of parameter values used in the model. *Numeric values are converted in the
present scale.

(Fy, Fy, F5, Fy). So 2z = F(x,)\) is a 4 dimensional one parameter system. Let U = (uy, u2, us, uy)
be a vector in R?, then
4 9PF
Zﬁ Jo=1 Ty, Ui U

4 OB
DQF(T N(U,U) = ZiLjZZI l'ajl:l,’]'2 Ujy Ujo
z, ; e Y
21173'2:1 z]%iz;uhujz

4 O%Fy
2.717.72:1 Tj Ty Ujy Ujp

[sn]

Similarly, one can prove the system (5.15) - (5.18) has a saddle-node bifurcation at b193 = b}
Similar analysis can be developed for a three-dimensional system and one can prove that at
bea = by and byos = bl the Model B has a saddle-node bifurcation.
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7 Numerical Simulation and Discussion of the Results

To establish the theoretical analysis it is natural to adopt numerical simulation method based
on the parametric values provided in Table 2. The numerical values provided there are either
collected from the sources provided and converted them in the present scale through a simple
calculation or are assumed for the present study to serve the purpose. The proposed system
is solved using Runge-Kutta 4th order method. Using the set of parametric values, only one
non-negative equlibrium point for the system (3.1)-(3.10) is obtained as follows;

vp = [L = 0.527163956259885, H = 1.80047807953131, R = 1.62811360373172 x 10-%°, X =
0.134693652798373, C' = 0.133833214820448, m = 21.9369264468098 , M = 0.233220798536722,
T = 0.00189450292254778, S = 0.0779718827275680, N = 66.2759573936474]. It has been
found that all eigenvalues of the Jacobian matrix of the system (3.1)-(3.10) with parametric
values provided in Table 2 are either negative reals or complex conjugates with negative real
parts. Hence, the system (3.1)-(3.10) is stable at vy with the choice of the parametric values
from Table 2.

The present time scale spanned over the stipulated ranges is chosen for the time series plots
and all subsequent figures. As the nondimensional time = = 400 corresponds to 20 years
actual time and an atherosclerotic plaque usually takes 14— 15 years to grow fully and becomes
active, so the present time scale is quite appropriate. Figure 2 (a) represents time-series plots
for evolution of concentrations of all the species over a short period of time 7 = 20 (equivalent
to 380 days), while those for 7 = 400 are presented in Figure 2 (b).

In Figures 3 (a) and (b) similar time-series plots are provided for evolution of concentration of
species except monocytes and plaque for time-scale 20 and 400 respectively. Itis clear from the
Figures 2 and 3 that LDL, HDL, monocytes and plaques are the most important components
to play the pivotal role in atherosclerosis formation. This motivates one to consider two mod-
els from the reduced one, one consisting of LDL, HDL, monocyte and plaque as dependent
variables in Model A and other one consisting of LDL, monocytes and plaque as dependent
variables in Model B.

The primal system (3.1)-(3.10) is globally stable and hence both the reduced models marked by
Model A and Model B are globally stable. Since the primal system is quite large and specified
by ten dimensional spaces, one may visualize its global stability numerically only by examining
it through any two or three dimensional subspaces. The projections of three dimensional phase
portraits in different frames are exhibited through Figures 4-6 involving the cellular species like
LDL, HDL, oxidized LDL, monocytes, chemo-attractant, T- cells, SMCs and plaque while Fig-
ures 7-8 show their two dimensional counterparts implicating those cellular species responsible
to the formation of atherosclerotic plaque. The common feature in all the panels is the conver-
gence of all the trajectories of the proposed dynamical system towards the equilibrium position
irrespective of the choice of the initial positions and the dimensions as well. All these portraits
reflect closely the global stability of the system under consideration.

The proposed system experiences bifurcation with respect to some parameters of significance.
One may record that in the presence of HDL in Model A, the parameters b2 signifying the ef-
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flux rate of cholesterol from accumulated plaque in the intima and b3 indicating the death rate
of plaque cells are of great consequence. On the other hand, the parameter bg> specifying the
insertion rate of monocytes into the intima in Model B also appears to play an important role in
the occurrence of bifurcation.

The bifurcation diagram displayed in Figure 9 corresponds to the behavior of plaque concen-
tration as a function of 192 spanned over the range of values in [0, 80] for Model A. Instability is
found to occur in the range 0 < b1z < 40 followed by a stable region for rest of the parameter
values due to period halving phenomena of the system. This observation may be validated by
the fact that in the event of reduction of efflux cholesterol rate from accumulated plaque in the
intima from its certain threshold value, the speed of plaque formation continues to grow rapidly
causing instability of the system.

Figure 10 represents the bifurcation diagram for the plaque concentration with respect to the
parameter b193 of Model A over the range 0 < b193 < 50 while keeping all other parameter
values same as in Table 2. The instability region is located in the range 0 < b193 < 30 followed
by a complete stable region for rest of the parameter values due to the same period halving
phenomena of the system. This behavior of the system may be explained from biological point
of view that when expiration rate of plaque reduces from its threshold value, the accumulated
plaque continues to swell out in the intima causing instability of the system.

The onset of bifurcation experienced by Model B in the absence of HDL is also recorded for
monocytes with respect to the parameter bg, over a stipulated range 0 < bg2 < 100 in Figure 11.
The bifurcating region causing instability occurs in the range 0 < bg2 < 30 and beyond which
the stability prevails for rest of the values of the parameter due to period halving characteristics
of the system. As the parameter value bg diminishes beyond a threshold value, more and
more monocytes penetrate into the intima and the process of atherosclerotic plaque formation
gets accelerated resulting in instability of the system. On the contrary, the enhancement of
the parameter bgy brings the system into a stable situation which restricts the rate of plaque
formation considerably.

The bifurcation diagram exhibited in Figure 12 corresponding to Model B designates the char-
acteristics of plaque concentration with respect to plaque cell death rate parameter b193 in an
analogous manner as described in Figure 10 for Model A. Studying such dynamical behavior
of plaque concentration one may note that the expiration of plaque cells is a major concern in
the evolution of atherosclerotic plaque.

8 Model Validation

The validation of the proposed plague models comprising major cellular species like LDL,
monocytes, HDL and plaque in Model A and those without HDL in Model B can be performed
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by means of three different approaches through the Figures 13-15. Firstly, a comparative
study of the results of the evolution of the respective cellular components of both the models
exhibited in Figure 13 reveals that both monocytes and plaque concentrations accumulate
more in the event of the absence of HDL in Model B than in Model A. This behaviour does
agree well with the pathogenesis in the formation of atherosclerotic plaque as far as HDL is
concerned. Secondly, the results of Figure 14(a) demonstrate how the plaque concentration
evolves with time for a fixed LDL source and varying HDL source in Model A while those of
Figure 14(b) represent the time-variant concentration of monocytes subject to similar LDL-
HDL input. One may record that increasing supply of HDL causes considerable reduction
of both plaque and monocyte concentration and such observations are in concurrence again
with the actual mechanisms of atherosclerosis. Finally, the proposed model is validated with
the experimental data collected from (Hao and Friedman, 2014) through the portrayal of time-
variant plaque concentration in Figure 15 subject to several pairs of input LDL-HDL in the
system. It appears, as anticipated, that plaque concentration becomes higher and higher with
lower supply of HDL and vice-versa and hence one of the remedial measures to get rid of
abnormal growth of atherosclerotic plaque is to increase HDL level within its stipulated range.
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Figure 2: Time series representations of all cellular species corresponding to (a) smaller (r = 20) and
(b) larger (7 = 400) span of time.

35



International Journal of Ecological Economics & Statistics

7
—L
—H
61 .
---X
~__cH
= —M
3 - s
o
=== === = F = = = == == =S5 ====f ====S====S5====F==>==
2 4 6 8 10 12 14 16 1 20
Time
(a)
7
— L
6 ol
—R
5 ol
£ a4t e
S —M
8 3 - =T
- s
2, -
1, -
1] e e I S s
0 50 100 150 200 250 300 350 400
Time

(b)

Figure 3: Time series representations of those cellular species having smaller cell counts correspond-
ing to (a) smaller (7 = 20) and (b) larger (7 = 20) span of time.
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Figure 4: Several three dimensional phase portraits showing stability of equilibrium positions.
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Figure 9: Saddle node bifurcation diagram of plaques’ concentration with respect to 102 keeping all
other parameter values of Table 2 same.
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Figure 10: Saddle node bifurcation diagram of plaques’ concentration with respect to b3 keeping all
other parameter values of Table 2 same.
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Figure 11: Saddle node bifurcation diagram of monocytes’ concentration with respect to bs2 keeping
all other parameter values of Table 2 same, in absence of HDL.
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Figure 12: Saddle node bifurcation diagram of plaques’ concentration with respect to b3 keeping all
other parameter values of Table 2 same, in absence of HDL.
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Figure 13: Time series plots of the constituents of two models A (in presence of HDL) and B (absence
of HDL).
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Figure 14: Time series plots of (a) Plaques (b) Monocytes for fixed LDL source and varying HDL source
varying.
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Figure 15: Comparison of the propsed results with experimental data .

9 Concluding Remarks

The proposed article deals with a mathematical model of evolution of atherosclerotic plaque
comprising various cellular species like LDL, HDL, radicals, oxidized LDL, chemo-attractants,
monocytes, macrophages, T-cells, SMCs and plaque cells participating in the biochemical pro-
cess of evolution. The model represented by a large system of ordinary differential equations
is shown to be globally stable analytically using Lyapunov’s stability analysis. The quasi steady
state approximation is used to reduce the large system into smaller ones for the purpose of
undergoing an in-depth study over the situations. Two reduced models, namely Model A and
Model B are examined for their dynamical characteristics in four and three dimensional sub-
spaces respectively. The system experiences bifurcation with respect to some key model pa-
rameters. The important observations of the reduced models reveal that the expiration rate
of plaque cells play significant role in atherosclerotic plaque formation. An effort is made to
validate the applicability of the models undertaken through a comparative study of the results
obtained and the experimental data from the existing literatures. The role of HDL is found to
be very crucial in the biochemical process for the evolution of atherosclerotic plaque and care
needs to be exercised for remedial measure.
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