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ABSTRACT

The concentration of CO. is steadily rising from many sources such as from industrializa-
tion, deforestation etc. In this paper, a nonlinear mathematical model is proposed for the
control of increasing C O, in the atmosphere. It is assumed that environmental tax imposed
only when the concentration of CO crosses a limit over which it becomes harmful for the
environment. Criteria for local stability and instability of the non-negative equilibrium are
obtained. We also obtained the condition for the global stability and the persistence of the
system. Finally, we illustrated our results by numerical simulation.
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1 Introduction

The gradual increase in the earth’s temperature caused by high levels of carbon dioxide and
other gases in the atmosphere is known as global warming(Chen and Li., 2011). Global
warming is also referred as climate change. It has undergone more or less cyclic variations,
some periods have been the warm climate and some cold. In many times, there was an
abrupt change from one period to another. There are many factors which are responsible
for these changes. Greenhouse gases are the one main cause of these changes(Mozumder,
Randhir O.T. and Jerath, 2015). According to many climatologist, carbon-dioxide, methane,
chlorofluorocarbons are the main greenhouse gases. Several studies shows that increase
of greenhouse gases are the main cause of global warming. CO, is mainly responsible
for global warming among other greenhouse gases. Due to the growing pressure of pop-
ulation, over industrialization and unplanned urbanization, the concentration of CO, is con-
tinuously increased into the environment. Excess of CO, traps heat and thus raising the
temperature of the earth environment. The rise of atmospheric temperature results in sea
level rise, impacts on agriculture, depletion of ozone layer, increased extreme weather, the
spread of disease etc((Nikol'skii, 2010),(Woodwell, Hobbie J. E., Melillo J.M., Perterson and
Shaver, 1983),(Ono, 2003)). Though CO- requires for the growth of the plants and it is also
necessary to life on earth. It is also directly responsible for the food we eat and oxygen we
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breathe but the increase of C'Oy in the environment has a harmful impact if it crosses its
limit. Industrialization has always seemed to be the key to wealth and better living and it is
also necessary for the economic growth of a country, but in reality, it affects the environment
and ultimately contributes to climate change. Increasing industrialization is responsible for the
increase in C O into the environment. So there must be some strategies to control the con-
centration of CO- into the environment. In recent years, many policymakers proposed that
environmental taxes including pollution charges are required to improve the environment. For
example-carbon taxes, fuel duties etc. Carbon tax is a tax for controlling CO- into the atmo-
sphere. It applied to the industries for every unit of carbon dioxide gas emission.

Many researchers have done several investigation to see the effect of increased C' O, in our en-
vironment ((Sundar and Naresh, 2015),(Alexiadis, 2007),(Mccarty, 2001)). In particular,(Misra
and Verma, 2013) have proposed a mathematical model to study the dynamics of carbon-
dioxide gas in the atmosphere. (Misra and Verma, 2015) also studied a mathematical model
for impact of environmental education on mitigation of carbon dioxide gas. (Agarwal and
Devi, 2010) have studied the nonlinear mathematical model to study the concept of environ-
mental tax and its effect on the survival of the biological population in the polluted environment.
In this study, it is shown that cumulative rate of emission of pollutant is decreased due to the
levy of taxes by assuming that pollutant from the external sources is dynamic in nature. (Sundar
and Naresh, 2016) have proposed a mathematical model to study the effect of environmental
tax on the carbon-dioxide emission. In this paper, it is assumed that environmental tax is im-
posed on the emitters only when the emission of carbon-dioxide gases crosses its limit. They
have shown that environmental tax is an important factor to reduce global warming because
the concentration of the carbon-dioxide gas reduces in the environment when environmental
tax is imposed on the emitters.

Keeping all these papers in the mind, we have proposed a mathematical model to control the
COs into the environment. The main purpose of this paper is to control the concentration of
carbon-dioxide gas into the atmosphere by introducing the concept of environmental tax. It has
been assumed that environmental tax acts as a control parameter and applied only when the
concentration of CO; crosses its limit over which it has a harmful impact in the environment.

2 Mathematical model

Let us consider any time ¢, B(t), I(t), C(t) and E(t) are the concentrations of biomass, Industri-
alization, carbon-dioxide and environmental tax respectively. In the view of above assumption
we consider a mathematical model given by following set of differential equations:

2

% — - Bl B+ 6,BC, (2.1)
dl YoI? 2

il vl — % +aBI + a1 B7I, (2.2)
dc

= QU)=&C - 6BC -k, (2.3)
dE

E = I/(O — C()) — VOE, (24)

52



International Journal of Ecological Economics & Statistics

with the initial condition B(0) > 0,1(0) > 0,C(0) > Cy, E(0) > 0.

In the first equation, L is the carrying capacity of plant biomass. « is the depletion rate coeffi-
cient of plant biomass due to increase in industrialization. = is the rate at which CO, is used by
the plant biomass during the photosynthesis process. In the second equation, K is the carrying
capacity of industries. In the third equation, Q(I), do is the emission rate and the natural deple-
tion rate of CO, respectively. 4, is the depletion rate of C'Oy due to plant biomass. Reduce in
CO4 due to environmental tax is assumed to be at the rate u. Finally, In the last equation v is
the tax rate coefficient and vy is taken due to some practical difficulties on applying the reliable
tax system. Cj is the threshold concentration of CO,. Here we have taken three cases. In first
case, emission rate of C'O; is constant and for the second case emission rate of CO; is taken
to be function of I. In the last, emission rate of CO, is assumed as a periodic function of I.
Now we discuss our model given by equation (2.1) to (2.4) for the following three cases:

i) Q(I) = Qo = Constant.

i) Q(I) = Qo + @1 = Linear function of I.

iii) Q(1) is periodic i.e. Q(t) = Qo + x¥(t), x(t +w) = x(¢).

i) For Q(I) = Qo

3 Boundedness of the system

The boundedness of the system is obtained by following lemma:

Lemma 3.1. All the solution of the system given by the equation (2.1) to (2.4) is bounded within
the region:

A
¢:{(B7Iach):0<B+I+C+E§§}7

. 2 K 2
Providedn < 1,00 > v+ ¢ and p+ vy > 4§, where A = Qo + (3;6) + (ZJHS) .
0 70
Proof:
aw B? I?
SO < QotsB- SOL Al — 707+(u—(so)c—(M+VO)E+5130(7T—1)+6W,
B? I?
< Qo+ (s+0)B— SOL +('y+6)]—707—(60—1/—6)0—(u+1/0—6)E,
s0B? Yol?
< 3 . —_— —
S Qot(s+0)B— T+ (v +0) — e,
(s+6)? K(y+96)?
<
< Qo+ 10 + o
MW o a-sw,
dt
then by the usual comparison theorem ast — oo :
A
Wmax - g’

Providedn < 1,00 > v+ and pu+ vy > 0.

This complete the proof of lemma (3.1).

53



International Journal of Ecological Economics & Statistics

4 Equilibrium Analysis

The model has four non-negative equilibrium points namely, E(0,0,C, E), E,(0,1,C, E), E5(B,0,C, E),
Es(B,I,C,E).
The value of the equilibrium points are given by solving the following equation:

8032

sB— —aBI — ayB*I + m6,BC = 0,

'YOIQ 2 o
’yIfTJraBIJralBI = 0,
Qo — 500 — (5130 — /j,E = O7
V(C*Co) 71/0E = 0.

1) For the equilibrium point E,(0,0,C, E)

é _ vCy + V0E7
v
5~ V(@ —C)
Sovo + pv

Hence the equilibrium point Ej exist if Qo > 5¢Cy.
2) For the equilibrium point E,(0, I, C, E)

;K
’Yoi
5 - Z/(C*C())’
120
o Qodo + purCo
Sovo + pv

Hence the equilibrium point E; exist without any condition.
3) For the equilibrium point Ey(B,0, C, E)

& Qoo + pvCy ~ h(B), (4.1)

dovp + pv + (Slél/o

Yo

now, from the equation (4.1) and (4.2) we found that C' and E are the functions of B only. For
the existence of E», we define a function given as:

v

o B o
F(B) = s— SOT + o fi(B),

F(O) = S+7T(51f1(0) > 0.
A SQA A
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provided

SoA

T

We found that F(0) > 0 and F(4) < 0, showing the existence of B in the interval 0 < B < 4.
F(B) < 0is the sufficient conditions for 33 to be unique.

A
s+ 7T51f1(g <

—s0  m8t(Qoro + uvCo)
L (601/0 + 51B + /U/)Q

4) Now for the equilibrium point E5(B, I,C, E)

F(B) =

i K(y+ aB+aB?)

= = q(B), (4.3)
0
A Qovo + nvCy -
= - = , 4.4
¢ 01Bry + pv + dorg gQ(B)/ ( )

Yo

Now, from the equation (4.3), (4.4) and (4.5) we found that I, C' and E are the functions of B
only. For the existence of E3, we define a function given as:

, B . . \ A
G(B) = s—=—agi(B)—a1Bgi(B) +moiga(B),

G(0) = s—agi(0)+ md1g2(0),
K
GO) = s— 220 4 76102(0) > 0,
70
provided
Yos > aKy.
A S04 A
G(g)* 5L 1(5) 591(5)-1-7?5192(5)7
A
G(g) < 07
provided

A soA A A A
s+ 7r5192(§) < 507 + agl(g) + algﬂl(g)

We found that G(0) > 0 and G(4) < 0, showing the existence of B in the interval 0 < B < 4.

G(B) < 0 is the sufficient conditions for B to be unique.

G(B) = =7 —(a+aiB)gi(B) +moigs(B),
G'(B) < o,

Provided
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5 Stability Analysis

To investigate local stability of the system around all the equilibrium points, the variational
matrix V is given as:

9250 B
s— 202 0T —20,BI +76,C —aB — o) B 76, B 0
%0l
Ve al + 20, BI y- T 4aBraB 0 0
—510 0 —(50 — (513 -
0 0 v —1

1) For the equilibrium point E,(0,0,C, E)

s+m0C 0 0 0

0 v 00
—516' 0 —d0g —p
0 0 v -

V(Ey) =

the variational matrix V (Ey) has four eigenvalues in which two eigenvalues are s + 76;C > 0
and v > 0, showing that this equilibrium point will be always unstable.
2) For the equilibrium point E1(0,1,C, E)

s —al +m5C 0 0 0
7 2701
V(El) _ 0([7 Y — 7 0 0 ,
7610 0 *(50 —H
0 0 v -1

the variational matrix V' (E1) has four eigenvalues in which two eigenvalues are s — af + w6,C

2y0l . . I . . - ~ 27901
and vy — % showing that this equilibrium point will be stable if af > 75;C+ s and v < ;TO

The equilibrium point is unstable if either one or both of the conditions are not satisfied.
3) For the equilibrium point E»(B,0,C, E),

— 2508 + Wélé' —aB - 041]:?2 7T51B 0
V(Eg) _ 0 7—|—aé+alé2 0 0 7
—6,C Q1 —0y— 6 B2 —pu
0 0 v -1

The variational matrix V' (E,) also has four eigenvalues in which one eigenvalue is v + aB +
a1 B2% > 0, showing that this equilibrium point will be always unstable.

4) Now, For the equilibrium point E3(B, I, C.E)

In the following theorem we obtained the sufficient conditions for E5 to be locally stable.

Theorem 5.1. The interior equilibrium point Es(B, I, C, E) is nonlinearly asymptotically locally
stable within the region of attraction ¢ without any condition
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Proof. To prove the theorem, we first linearize the model by taking
B=B+B,[=1+1,0=C+C,E=E+E,
where By, I, C,, E, are the small perturbation around the equilibrium point E5(B,1,C, E)

After linearization, the model is:

dBl 7SOBBl

o = T*OQBIABI *OéBIl 7@1B211+7T51éc, (51)
dly —ol Ty - o s

— = Bl +201BIB 5.2
o o TaBil+2uBIB, (5.2)
dC1 . R
W = —5001 — 51301 — 61310 — uEl, (53)
dE
7dt1 = l/Cl — I/()E1. (54)

Now we consider a following positive definite function

_ 1B} 1K}
2B 2 I
where K, Ko, K3are positive constants taken to be suitably.
Differentiating U with respect to time ¢, we get,

+ chl + KjEl, (5.5)

dU 31 dBy Kil dLh C dFq
= - + KC' K3FE
AT fat T @ Ty tRsRs

After putting the values of the derivatives from the equatlons (12.1)-(12.4) we get,

dU . ] .
E —BQ( +()51.[)+B1]1( a—alB+aK1+2alBK1)+BlCl(7r51—§1CK2)
K I .
— 1;;? L_ 012((50](2 + 61BK2) + ClEl(Z/Kg — ILLKQ) — V()KgE%,
now choosing,
K, = LCHBA,KQ — T and K3 = —, we found that WI|| be negative definite within the
a+ 201 B C VC
region defind by ¢ without any condition .
Hence the theorem is proved. O

Theorem 5.2. Let the following inequalities holds:

2
(#) < ZZOIZO, (5.6)
(r61)? < %(50+513), (5.7)
(v—mp? < 2u(d+6B), (5.8)

then FEj is globally asymptotically stable.
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Proof. Let us consider following positive definite function

V- (B—B—Blogg)+(I—f—flog§)+%(C—C‘>2+%(E—E)27

now differentiating V' with respect to time ¢ we get,

W () () E e 9R

after putting the value of %, %, %, % from the equation (2.1) to (2.4) we get,
dv 1 . - . iy 1 - . .
T = (BB tan(B - B)(I 1)~ an(l - 1)* = San (B~ B + (B - B)(C - O)
f%agg(c _ep- éagg(c ~ 0P +a3u(C —0) (B~ B) — au(B - B,
where
an = %0 +ail a2 = 1B, azg = l[?’

aiz = w0 —6C,azz = &g+ 01 B,

asq = (l/ — /L),a44 = 1.

dv . .
Then the sufficient condition for rr to be negative definite are:

2
ajy < 2aiiase,
2

ayjz < a11033,

2
az, < 2a33044.

After maximizing L.H.S and minimizing the R.H.S. of the above equations, we found that con-
ditions for the global stability are similar to the conditions given by equations (5.6) to (5.8).
Hence theorem is proved. O

6 Persistence of the System

Theorem 6.1. If the conditions §s > oA and 6Qy > 1A are satisfied then system of equations
(2.1) to (2.4) is persistence.

Proof. Let us suppose that (B, I, C, E) be the unique positive solution of the system of equa-
tion from (2.1) to (2.4) ,
From the equation (2.1)

dB s
e > B(s — alyax) — B2 (fo + Olljmax) )

after applying the usual comparison theorem as ¢t — oo we get:
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L(és — aA)
- ((580 + LoqA) '
From equation (2.2) we get:

1>
0
From equation (2.3) we get:
ddg 2 QO - 600 - 6leaxC - ,U/Emaxa

after applying the usual comparison theorem as ¢t — oo we get:

o> o—nA
~ o0 + 61 A

From equation (2.4) we get:

dE
a > V(Crin — Co) — nE,

after applying the usual comparison theorem as ¢t — oo we get:

V(Cmin - CO)

Yo

E>
Hence theorem is proved. O

ii) For Q(I) = Qo + Q11 = Linear function of I.

7 Boundedness of the system

The boundedness of the system is obtained by following lemma:

Lemma 7.1. All the solution of the system given by the equation (2.1) to (2.4) is bounded within
the region:

A
1/1:{(B,LC,E):0<B+I+C+E§71}7

(s +0)* +K(7+Q1+17)2.

provided m < 1,00 > v+ and u+ vy > 9, where Ay = Qo +
400 40
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dw B? I?
LU Qo+ sB — 2 +Owﬁmﬂf?%~Hy—%ﬁ—@kﬂ@E+&BCh—D+5W
B? 2
< Qut(s+0)B = 4+ (14 QU0 — o = (8 —v =)0 — (u+ 1o — O)E,
soB? I?
< Qo+(s+06)B-2 +(7+Q1+5)1ﬂf’7,
(s+0)° Ky +Qi+96)°
<
= Got 440 * 40 '
dw
— < A -
@ S hoow

Then by the usual comparison theorem ast — oo :

A
Wmax = 717

provided < 1,00 > v+ and pu+ 1y > 9.

8 Equilibrium Analysis

The model has four non-negative equilibrium points namely Eq(0,0, Cy, E1), E11(0, I1, Cy, E1), Eay(B1,0,C1, E
Es3(By, 1, Ch, Ey).
The value of the equilibrium points are given by solving the following equations:

5032

Bf
s L

—aBI — o B*I +76;BC = 0,

'YOIQ 27
’y[—?—l—aBI—i—alBI = 0,
Q(I) - 500 - (51BC - ,uE = U,

Z/(C — Co) — V()E = 0.

The value of the equilibrium points Ego (0,0, C1, E1), and Ex(By,0,Ch, E;) will be same as
Ey(0,0,C, E), Ex(B,0,C, E) respectively as I is zero.
1)For the equilibrium point Ey, (0, I1, C1, E),

jl = ﬁ>
70_
B = v(Cr — Co)’
i
o = Qodo + Q1 K~y + uvCy

Sovo + pv

2) For the equilibrium point Ess3(By,1;,Cy, Ey)
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. K(v+aB; + aB? .
= . ’Yo1 2 =ri(B), (8.1)

G = Qoo + Qrvor1(B) + pvCy — ro(By), (8.2)

81 Byvg + v + Sovo
. Bi) - C .
B = ABZG ) ®.3)

From the equation (8.1) , (8.2) and (8.3), we found that I, C} and E; are the functions of B;
only. For the existence of E33, we define a function given as:

~ soB . N R .
R(B1) = s-— QOL L —ary(B)) — a1 Biri(By) + woira(By),
R(0) = s—ari(0)+ mdir2(0),
RO) = s—2BY L 15im0) > 0,
Y0
provided
Y08 > aKy
Ay 5041 Ay A A Ay
R(T) =s- 7 —ary( 5 ) — o 5 7’1(7) +7T517“2(7),
A
R(Tl) <0
provided
A A A A A
5-1-7?517"2(71) < Sng +oz7’1(71) —1—041717"1(71).

We found that R(0) > 0 and R(4!) < 0, showing the existence of By in the interval 0 < By <
AL G(By) < 0is the sufficient conditions for B to be unique.

R(B) = J”f“f( + a1 By, (B) + o1l (By)

R(B)) < 0,

Provided

9 Stability Analysis

To investigate local stability of the system around all the equilibrium points, the variational
matrix M is given as:
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250B
5— 52 — ol — 20, BI + 76,C —aB — o, B? 76, B 0
90l
o ol + 20, BI 7 - T +aB+aB? 0 0
—0,C Q1 —dp— 0B —p
0 0 v -1

1) For the equilibrium point Eg(0,0, C1, Ey)

s+75C, 0 0 0

M (Eg) = 0 v 0 0
00) = *(516,'1 0 750 — ’
0 0 v -y

the variational matrix M (Eqy) has four eigenvalues in which two eigenvalues are s+716,C1 >0
and v > 0, showing that this equilibrium point will be always unstable.
2) For the equilibrium point E11(0, I, C1, E1)

s — Otjl + 71'(51@1 0 0 0
= 29001
— 0 0
M(En) = ol TR ,
—6101 0 —(50 — K
0 0 [ 7
the variational matrix M (E1;) has four eigenvalues in which two eigenvalues are s— oy +md,Ct
2790l . . I . . L= =
and v — 0 L showing that this equilibrium point will be stable if al; > 151C1+ s and v <
2701 I - Lo . e
7}% L Equilibrium point will be unstable if either one or both of the conditions are not satisfied.

3) For the equilibrium point Mas(B1,0,Cy, E1)

2503 . y y y
s — 9(2 ! + w01C —aBy — Ole% w01 By 0
M (Eg) = 0 ’y+aél +a1§% 0 0 ,
~51Cy Q1 60— 6B} —p
0 0 v —1

the variational matrix M (E2;) also has four eigenvalues in which one eigenvalue is v + aB; +
aléf > 0 showing that, this equilibrium point will be always unstable.

4) For the equilibrium point Mss(B1, 1, C1, Ey),

In the following theorem we obtained the sufficient conditions for M3 to be locally stable.

Theorem 9.1. /et the following inequality hold:

C?%Tl’2 - 4’70(0[ + Oqu)((SQ + 5131)
C’% K(O& + 20(131)
then Mss is locally asymptotically stable.

; (9.1)
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Proof. To prove the theorem, we first linearize the model by taking

B=DB,+Bn,I=1,+11,C=C, +C,E=E, +Ep,

where By, 111, C11, E11 are the small perturbation around the equilibrium point Es3(By, I1, C1, Ey).
After linearization the model is:

dBH —8031311

dt = I — aléllell — OzBlfu — aléfln + 7'1'51551017 (92)
dr —yolr I R .

dillfl = % + aB1111 + 201 B111 B1q, (93)
dChn ~ -

n QiI11 — 60C11 — 01B1C11 — 61 B11C1 — pEhy, (9.4)
dE

dtll = I/Cll - VOE11. (95)

Now we consider a following positive definite function

1B, 1Kpl%
-+ =

2 B 2 [1
where K11, K92, K3sare positive constants taken to be suitably.
Differentiating U; with respect to time ¢, we get,

U =

+ K22011+ K33E117 (9.6)

dUy By dByr | Kilindl C dEn
—_— = = = —— + K9 C K33 B
o7 B, di I di + K220 + Kzl —— i

after putting the values of the derivatives from the equations (12.6)-(12.9) we get,

dU S A N . .
CT; = *Bfl(fo +onl) + Buli(—a — a1By + aKi + 201 B1 K1) + B11Cii (w61 — 61C1 K92)
Kyl 2 5 2
—— % T Q1 K22C11111 — CFy (00 K2 + 01 B1K23) + Cr1E1 (v K33 — nhag) — voK33E7,
now choosing, X
B
Ky = LalnyQZ — ﬂ7
o+ 201 By C VCl
Then % reduced in following form:
dU Ki1yol? . vorpB
—1 = B11( +aily) - —unn Q1K22C11 111 — CF (80K + 61 B1 Kop) — 21 K LE2,
dt K vCy
. . - dUy . s
from this we found that sufficient condition for . to be negative definite is
%W 470(04+&131)(60+51B1)
Ch K(a+ 201 B))
.Hence the theorem is proved. O
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Theorem 9.2. Let the following inequalities holds:

a1 A\ ? o S0 9.7)

1) LK’ ’
2 ¢ A

(161)2 < g%(50+5131), (9.8)
2 ~

Q? < 5%(60”131), (9.9)
4 )

(v=p?® < 3wl +0B), (9.10)

then Es3 is globally asymptotically stable.

Proof. Let us consider following positive definite function,

- A B . . 1 1 A\2 1 .\ 2
Vi = (B—Bl—Bllogél) + (I—II—IllogITl) +5 (C—Cl) +5 (E—El) 7
now differentiating V' with respect to time ¢ we get,

i (BB) 5 () o) (5 )

dt B dt I ) dt dt’
. dB dI dC dF .
after putting the value of Pt from the equation (2.1) to (2.4) we get,

dv; 1 . . .1 . 1 . . .
dTl = —§b11(B—Bl)2+b12(B—Bl)(I—I1)—§b22(1—11)2—§b11(B—31)2+b13(B—Bl)(C_Cl)
1 .

1 - A A1 . 1 .
—gbgg(c - )% - gbgg(c —C) 4 bos(C—CI - 1) — Fboa(l = )% - 3533(0 —()?
+b34(C = Cy) (E — El) —by(E — Ey)?,

where

s
by = f() +a1B,b1a = 1B, bys = %7

biz = w0 — 610, bsz = &g + 61 By,
bz = Q1,034 = (v —p),bas = 1p.

Then the sulfficient condition for % to be negative definite are:

2
bly < biibag,

2
biy < 55115337

2
b33 < §b22533,

4
b§4 < 5533644

After maximizing the L.H.S and minimizing the R.H.S. of the above equations, we found that
conditions for the global stability of the system are similar to the conditions given by equations
(9.7) to (9.10). Hence the theorem is proved.

O
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10 Persistence of the System

The condition of the persistence will be same as given in case i (Q(I) = Qo). Case 3: Q(t) =
Qo+ x¥(t), ¥(t +w) = (1)

In this case the model given by equation (2.1) — (2.4) can be written in the vector matrix form
as:

i(t) = Alz) + xF(), 2(0) = a0 (10.1)
where
1 B 0 B(0)
: 1 I
e=| " | = =] ° |aeo=| 1O |
3 ¢ ¥(t) C(0)
Ty E 0 E(0)
S(]ZL‘% 9
STy — 7 - 1T — 27T + TH T T3
2
X
Ax) = VT2 — % + ayz1xy + anzizy
Q(x2) — dow3 — dr12103 — iy

V(:L’g — C()) — Vo4

Let us consider that x(¢, o, x) be the solution of the equation (10.1) in such a manner that

I(O7 07 X) = j; + 0—7

where

2>
I

here z(t,0,0) = z.
We are interested to show the existence of periodic solution of period w of the system given by
equation (10.1) for sufficiently small , which tends to & as y — 0.
For this we have to show that
z(w,0,x) =1+ o,
where ¢ is the function of x for y small, « — 0 as xy — 0.
Let us construct a function

f(UaX) :‘T(MU’X) _‘f:_X

The existence of periodic solution can be prove by showing £(o, x) = 0, has a solution for ¢ as
as function of , o(x), such that ¢(0) = 0. Now by using the implicit function
(Freedman,1969).

€0,0) = 2(w,0,0) —F =3 — 3 =0
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Then
det&,(0,0) =z, (w,0,0) — I

where [ is the identity matrix. Now by applying the variational formula,

ia‘(t? a, X) = AI(I(tv a, X))Ifo-(t, a, X)7 ‘TJ(Ov a, X) = Iy

from this we have, z,(t, 0,0) is the matrix solution of

i0(t,0,0) = Ay (x(t,0,0))z4(t,0,0), 2,(0,0,0) = I

But x(t,0,0) = & and A, () = V(E).
Thus,
ig(t,0,0) = V(E)z4(t,0,0),25(0,0,0) = I.

After solving this, we obtained

g (,0,0) = V(B!

So we have
£(0,0) =" F — 1

Hence we obtained the following theorems.

Theorem 10.1. /f V(El) has no eigenvalues with zero real parts, then the system given by
equations (2.1) — (2.4) with Q(t) = Qo+ x (), ¥ (t+w) = ¢ (t) has a periodic solution of period
w, (B(t,x),I(t,x),C(t,x),U(t,x), E(t,x)) such that (B(t,0),1(t,0),C(t,0),U(t,0), E(t,0)) =
(B,1,C,U,E).

Theorem 10.2. If V(E,) has no eigenvalues with zero real parts, then for x sufficiently small,
the stability of the periodic solution is same as the stability of E .

Now we consider the periodic solution upto order of x. For this we suppose that z, (¢, 0, x) is
the solution of

ilx(ta g, X) = AT(l(t’ a, X))xx(t7 a, X) + F(t)7 xX(07 a, X) =0,

xy(,0,0) can be found by the solution of

iy (,0,0) = V(Ey)zy(t,0,0) + F(t),2,,(0,0,0) = 0,

Hence we have, i (x) (,0,0) = ¢" (£1()) IS e V(EO) P (5) ds.
Now applying the Taylor’s series we have,

zy(t,o,x) = T+ 2,(t,0,0)0 +x(¢,0,0)x + H.O.T.
5(0)x + o(x),

o(x)

where 6(0) = —£,(0,0)71&,(0,0) and &,(0,0) =z, (w, 0,0). Thus we have,
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0’-(0) = —eiV(EAl)eiv(Eﬁl) /.weiv(él(s))F(S)dS,,
0

6(0) = /w e_V(El(s))F(s) ds,

0

which gives,
zy(t,o,x) =T+ [eV(E1<t)) I V(B (s) ds] X + o(x).
This is the required periodic solution.

11 Numerical Analysis

Let us consider the following set of parameters

15, s9 = 15, L = 100, a = 0.0001, a;; = 0.00001, 7 = 0.75,5; = 0.008,5 = 2,
10,70 = 10, Qo = 40,80 = 3, = 0.001, v = 0.05, 1 = 2, Cp = 10, K1 = 60.

S

v

For these values of the parameters the values of Es(B,I,C, E) are given as :

B =99.9763,1 = 60.6597,C' = 10.5268, E = .0.01317

The eigenvalues for the jacobian matrix corresponding to interior equilibrium point ES(R I,C, E)
are (—14.8335,—10.1129, —3.81895, —2.00003).

We found that all the eigenvalues are negative, hence the interior equilibrium point E5(B, I, C, E)
is locally asymptotically stable. For the case ii, when emission rate of CO, is the linear func-
tion of I: Q9=0.3. Then the value of equilibrium point is (100.167,60.6621, 15.31,0.13275) and
the eigenvalues are (—14.8335,—10.1129, —3.81895, , —2.00003). Since all the eigenvalues are
negative. Thus, the interior equilibrium point defind by Ess(Bi,11,Cy, Ey) is also stable. The
result of numerical simulation are displayed graphically. Figure(1) is a time series graph, In this
figure, biomass, industries, concentration of CO- are plotted against time.

12 Conclusion

In this paper, A nonlinear mathematical model is proposed to control the concentration of CO,
into the atmosphere. Here we have taken the concept of environmental tax, imposed only on
the emitters when C'O, crosses its limit beyond which it become harmful for the environment.
Figures(2) and (3) are shown variation of concentration of CO, and environmental tax respec-
tively for the different value of «;. From these figures it is found that as «; increases, the
concentration of CO, and environmental tax also increases. In figures (4) and (5), the variation
of concentration of CO, and environmental tax with time is shown respectively, for the different
value of ¢y (natural depletion rate of CO,). From these figures, it is clear that as the natural
depletion rate of CO, increases, concentration of CO, decreases, due to which environmental
tax is also decreases. In the figures (6) and (7) the concentration of CO, and environmental
tax are plotted with time for the different value of ¢, (depletion rate of CO- due to biomass ).
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Figure 2: Variation of concentration of ‘C’ with time for different value of ‘o
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Figure 4: Variation of concentration of'C’ with time for different value of ‘4,
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Figure 5: Variation of Environmental tax with time for different value of ‘d;,

Figure 6: Variation of concentration of ‘C’ with time for different value of ‘5]
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Figure 8: Variation of concentration of ‘C’ with time for different value of‘Q;
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Figure 10: Variation of ‘I' with time ‘t’ for different value of ‘o
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Figure 11: Graph between Biomass, Industries, concentration of ‘C’
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Figure 12: Time series graph

73



International Journal of Ecological Economics & Statistics

90

80

0

— u.1=0.00001

gt
— —_— u.1=0.0001
40+ 9

—_— u.1=0.001

NrT .

pi| 54 1

Figure 13: Variation of 'I' with time ‘t’ for different value of ‘o’
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Figure 14: Variation of ‘B’ with time ‘t’ for different value of ‘o’
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Figure 15: Variation of ‘C’ with time ‘t’ for different value of a
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Figure 16: Graph between Biomass, Industries, concentration of ‘C’

75



International Journal of Ecological Economics & Statistics

From these figures, we infer that as 4, increases, concentration of CO, and environmental tax
is decreases. In figures (8) and (9), we show the variation of concentration of CO, and environ-
mental tax with time for different value of Qy. When there is an increase in in this parameter, the
value of Concentration of CO, and environmental tax is also increases. In figure (10), | is plot-
ted with time for the different value of «y. Figure (11) is the graph between biomass, industries
and concentration of CO,. In this figure, we obtained that the system given by equation(1-4) is
globally stable as the trajectories initiating inside the region of attraction approaching towards
the equilibrium point E;. Figures (13)-(17) are related to the second case, when emission rate
of C'O, is the function of I. Fig (13) is a time series graph. In figures (14),(15),(16), Indus-
tries, Biomass and concentration of C'O, are plotted with time for different value of «. From
these figures, we found that as « increase, biomass decrease but industries increase. Due to
large numbers of industries concentration of COs is also increases. Figure (17) is the graph of
global stability between plant biomass, Concentration of CO- and industries. From the figure,
we found that system is stable in B-I-C plane. So we have obtained that environmental tax is
an important factor to reduce concentration of CO, from the atmosphere. Here we discussed
three cases. In first case, when the emission rate of CO; is constant then system is locally
stable without any condition but in the second case, when the emission rate of CO is the linear
function of | then system is locally stable under certain condition. We have also discussed the
condition of global stability and persistence in both the cases. It has been pointed that a small
periodic introduction of concentration of CO5 into the atmosphere induces a periodic behavior
in the system.
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