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ABSTRACT

It is a well-known fact that the utilization of auxiliary information for estimating a parameter of
a study variable enhances the efficiency of the estimator. In this paper, we have considered
a regression estimator under doubling sampling involving two auxiliary variables which
makes use of the sample mean and sample median of the auxiliary variables of both
phases. It is found that the proposed estimator is more efficient than the one proposed by
Vadlamudi (2017) with one auxiliary variable. The study was tested empirically using
simulated data. The study is also generalized for k(>1) variables.
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1. INTRODUCTION

The aim of the paper is to obtain a more efficient regression estimator of the population mean in
double sampling, using information on both mean and median of more than one auxiliary variable.
Median estimation have been initially studied by Gross(1980), Kuk and Mak(1989), etc. However, the
usage of both known population mean and known population median of the auxiliary variable using
regression estimator was put forward by R.Lamichhane, S. Singh, N. Diawara (2015). The study of
the same estimator was taken further by K.A. Vadlamudi, S.A. Sedory, S. Singh(2017) by introducing
the estimator under double sampling scheme. In this paper we further propose the estimator under

double sampling scheme with two auxiliary variables.
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2. CONCEPTS, DEFINITIONS AND PREVIOUS WORKS

Let us consider a population of size N. Let the variable under study be y having population values Y7,
Y2, ..., Yn. Similarly, let the two auxiliary variables under consideration be x and z with population
values X1, Xz, ... , Xn and Z1, Z5, ... , Zn respectively. The study variable y is taken to be highly
correlated with auxiliary variable x as well as auxiliary variable z, whereas, the two auxiliary variables

x and z are to be independent of each other.

Now, as double sampling is to be implemented, firstly, a large preliminary sample (or first phase
sample) of size m is drawn from the population of size N using Simple Random Sampling Without
Replacement (SRSWOR) measuring the values of x and z respectively according to the population

unit numbers selected viz.,x- and z- (r'=1,2,...,m).

Next, a smaller sample (or second phase sample) of size n is drawn from the previous first phase
sample of size m using Simple Random Sampling Without Replacement (SRSWOR) measuring the
values of y, x and z respectively according to the population unit numbers selected viz.,y,, x-and zr
(r=1,2,...,n).

Let Mx and M: be the population medians of variables x and z respectively. The development in
estimation with median as estimators and using the auxiliary information as acknowledged by many
researchers was made by Kuk and Mak in 1989. Therefore, in our approach we implemented the
same concept by applying the various sample medians in our estimator for a finite population. The
study also assume sample asymptotic properties of sample median with a defined asymptotic

variance (Gross, 1980).

We further define Mx" and M'as the sample medians of x and z respectively based on the first phase
samples of size m. Similarly, we define Mx and M. as the sample medians of x and z respectively

based on the second phase sample of size n.

The estimator proposed by R. Lamichhane, S. Singh, N. Diawara (2015) which makes use of known

population mean and known population median of the single auxiliary variable x is given by,
Ve =y+fX —x)+ (M, — M) (2.11)

where (1 and B2 are to be estimated such that the variance of yc is minimum.

The minimum variance of this estimator is given as follows,

MinVar(y,) = Var()_/)|:l —R% . } (2.12)
yx M,
where,
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is the multiple R? such that 0sR?<1

Next, K.A. Vadlamudi, S.A. Sedory, S.Singh (2017) modified the above estimator by introducing it

under double sampling and proposed the following estimator given by,

s

Vi =V + B —x0) + B (M~ M) (2.13)

where 81* and B2* are unknown partial regression coefficients to be determined such that the variance

of the estimator is minimum. The minimum variance of this estimator is given as follows,

- 11 11 (S2Sy =SS )’
MinVar I KA N D DU S e £ A L 014
) (m Nj ' (n mj TP T 202587 - 82, =14

3. PROPOSED ESTIMATOR

The new estimator of the population mean Y under double sampling with two auxiliary variables is
defined by,

* *

Ve =V + B Com = Xa)+ 5 (Mx— M)+ By (Zm —2n)+ Bi(M:—~ M=) (3.1)

where B1°,82',8sand B4are unknown partial regression coefficients to be determined such that the
variance of the estimator yrex is minimum. Since this estimator makes use of the medians of the two
auxiliary variables, then, the same assumption as given by R.Lamichhane, S. Singh, N. Diawara
(2015) that the distributions of Y, X and Z are non-normal and follow a skewed distribution is also

adopted here so that their corresponding means and medians do not coincide.

Now, in order to show that the proposed estimator is unbiased and also to determine its minimum

variance we define the following error functions:

y —Y . —X M—M
e, = "? 3 :(X"XJ, e, =| ——— (Based on 2™ phase sample) (3.2)
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- _ v Mx - M
e, = (XMXJ , ey = = (Based on 1t phase sample) (3.3)
X M,
sz M.—-M
e = [z" ZJ . e = z (Based on 2™ phase sample) (3.4)
Z M,
T M.-M
o - Zm — Z . e = z (Based on 2™ phase sample) (3.5)
Z M,

Here, we obtained their expectations as follows,

E(eo) = E(e1) = E(e2) = E(es) = E(es) = 0

E(es) = E(eq) = E(e7) = E(es) =0

TP AT R Y
He I_lej . [; ]1/]4[1’ (M )P M

e O N T

E(e}) = ;—]UCZZ, E(e) :(; Jl\’J4f(M)MZ

Be) =13 s = { L)l
Bee) (L 00 ey {1t )Sl0r!
E(eoes){:l—i,jpﬁcycz, E(ege,) :_G %jM

o) (1 200 e —{ L) el L0
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1 1 S . MX -1 1 1 2

E(ee,) = _(7_ﬁj%’ Elee)=| -~ |C:
n

Sy e (M, B
T

x

E(eies) =E(e1es) =E(e1e7) =E(e1es) = 0,

L1 S (M) 1 1 !
(2w VAT g TN AT A A
ey =y g, e (o e

E(ezes) =E(ezes) =E(ez2e7) =E(e2es) = 0,

N XM

X

E(ese,) = —(I—IJW ,
m
E(eses) =E(eses) =E(ese7) =E(eses) =E(e4e5) =E(ese6) =E(e4€7) =E(e4e8) = 0

-1 1 1
E(eses) = _(l_ij = [z: L)) E(ese;) = ( _jczz
n m

N ZM. N
S7M z Mz -
E(eseg)=—[;—;)w:E(eee7)
1 1 1 1 1 SZM_[fz(Mz)]_l
E -l - - |- - [ e D A e
(€acs) (m Nj4[fz<Mz)]2Mf s =5 ] G

R. Lamichhane, S. Singh, N. Diawara (2015) referred the work of Sedory and Singh(2013), who have

formulated the following results

E[(y, ~Y)(M.—M,)]= —[n —Nj

El(x ~ X)(M .- M)]= _(n - j

B, - V)(en - X)]= (; - ljsxy
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Further, Sedory and Singh(2013) referred to Gross(1980), who have formulated the following result

Var(i\}x) = (1 - 1j1 3
n N4 f.(M,)]
The proposed estimator yrex in terms of ei’s (i=0,1,2,3,4,5,6,7,8) reduces to the following form,
Vrex = Y(1+e0) + B1'{X(1+e3)-X(1+e1)} + B2 {Mx(1+e4)-Mx(1+€2)}
+ Bs'{Z(1+e7)-Z(1+es)} + B {M(1+e8)-Mo(1+e5)}
or, Yrexk = Y + Yeo + Bi'X(es-e1) + B2’ Mx(es-e2) + Bs'Z(er-e5) + B4 M(es-e6) (3.6)
It is clearly seen that, E(yrex) =Y (3.7)

Hence, the proposed estimator ¥rex is an unbiased estimator of the Population mean Y.

We now proceed to the derivation of the minimum variance. By the definition of variance, we have

Var(Vrex) = E{yrex-Y}
= E{ Yeo + B1'X(es-e1) + B2'Mx(esez) + Bs'Z(er-es) + B4 Mz(es-ec) }? (3.8)

On expanding the square of the sum of the terms inside the parenthesis and taking expectation over
each term we finally obtained the expression of the variance as given below,

1 1 I 1
Var(yrex) = ( _Nj Sy? + ( - ] { B12 Sx2 + 0.25 B2 2[fx(Mx)]? + B3 S2 + 0.25B42[f-(M;)]?+ 2 B+’
n n m

Sxy -2 BZ"SYMX[fX(MX)_T" +2 ﬁS* Syz -2 B4*SYMZ[fz(Mz)]-1 - 2B1*B2kSXMX[fX(MX)]—1 -2 BS* ,34* SZMz[fz(Mz)]-1}

(3.9)

On differentiating the above variance in (3.13) w.r.t.3:,82,83andB+'and equating each to zero we

obtain their Least squares estimates given in (3.14),(3.15),(3.16) and (3.17) respectively as follows,

o _Sxy ﬁZ*SXMY [fx(Mx)]_l

(3.10)

ﬂ* S\?SYMt _S,\ySXMX
LM (0258 - S5,)

(3.11)
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o =S, BiSu L. (M)]
+

B = 5 5 (3.12)

* Sz2SYMZ _SyzSZM:
By = - a3 (3.13)
[fz (Mz )] (025Sz - S’ZMZ

Substituting the values of these estimates in the expression of the variance given in (3.9) we obtain

the minimum variance of the proposed estimator yrex given as follows,

- S* s% (8%, -S . S.. ) (S*S,, -S S, )
Mn.Var(yREK){l—1]S§+(1—1j sj_%_%_( d L — );Mx) ! d M, it ZZM:)
m N S; 82 SH02581-S3,)  S1(02581-S;,

(3.14)

n m

- 11 11 (SiSp, =Sy Su ) (S28y, =S.8,,)
= Mn‘Var(yREK) = [m_NjSJZ’ +[ _]Stz’{l_pfb _p)z'z - SZSZZ(’\/)’\ZSS;_;A/;‘ )_ S2s22}gnzssé _ZSMZ~ )
yox AT x XM, yoz AT z M,
(3.15)
3.1 Comparison of yrex with Vikas
We have,

7 (* -7 (* ) (1 ljSZ 2 (SZZSYM, _SyzSZM,)Z 0
ar —Var =———— 19 + - - < 3.1.1
Vrek Y - 78202582 -53,) eI
Noting that (0.25S:2-Szumz?) > 0 (3.1.2)

Hence, the new proposed estimator yrex is more efficient than the previous estimator yka. However,
Vadlamudi (2017) who proposed yka found that his estimator is more efficient than the standard ratio

and regression estimators under double sampling.

4. EMPIRICAL STUDY

Three sets of data each of size N=500 for the study variable y and the two auxiliary variables x and z
have been generated using R-software from poisson distribution with parameter A=740 until the

following satisfactory results are obtained.

Py =0.7174572 , pyz = 0.6096531,pyz = -0.045281
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As the value of the last population correlation term is non-significant, we have assumed that pxz = 0 so
as to satisfy the constraint of independence of the auxiliary variables of the proposed estimator. The

values of the various population parameters are given in Table -1.

Table-1:Values of the Population Parameters

% 301.7438872

X= 130.67

Z= 119.504

0)%= 244.8973372

0:2= 131.7891

0= 122.341984
2= 132.0532064

Sy%= 245.3881135
2= 122.5871583

Sp= 129.1508323

Sy= 105.7382359

Svin= -4.55918733

Sxin= -4.576212425

Svuz= -3.811299255

Szmz= -4.355863727
= 131

M= 120

f(My)= 0.03474425

fo(M;)= 0.036060764

Next, a large preliminary sample of size m=220is drawn using SRSWOR measuring the values of x

and z whose sample means and sample medians are given respectively as in Table-2.

Table-2:Sample mean and sample medians of the two auxiliary variables in the first-phase sample

Xm= 130.6364 | My'= 131

Zm= 120.6 M;'= 120
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Further, a subsample of size n=80is drawn from the first phase sample of size m=220 using
SRSWOR measuring the values of y, x and zhaving the values of sample means and sample

medians as in Table-3

Table-3:Sample mean and sample medians of the study variable and the two auxiliary variables in the

second-phase sample

Vo= 301.3174
Xn= 129.15 = 129.5
Zn= 120.35 M= 120

The values of the partial regression estimates are given in Table-4.

Table-4:Values of the regression coefficients

Br= -0.94634646

B2= -0.031756926
Bs= -0.842356948
Bs= -0.020496717

Therefore, the variances of the various estimators are given in Table-5 for comparison:

Table-5: Comparison of the variance of the proposed estimator with the previous estimators

Variance Value

V(Vrek)= 0.845471311
V(Vial)= 1.571211172
V(ysrswor)= 2.576575191
V(Vrat() = 3.433223041
V(Yreg(a) = 1.571818666

From Table-5 we see that the variance of the proposed estimator possesses the minimum value
amongst the other estimators under consideration based on the generated data. Hence, we can
conclude that the proposed estimator is more efficient than the previous estimatorand the other

standard estimators under consideration.
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5. GENERALIZATION OF THE PROPOSED ESTIMATOR

It has now been shown that the proposed estimator yrex is more efficient than the previously studied
estimators simply by introducing an additional auxiliary variable z that is independent of the first
auxiliary variable x and being highly correlated to the study variable y. The question that arises now is
whether there will be an increase in precision of the proposed estimator if more than two auxiliary
variables are utilized i.e. as we increase the number of auxiliary variables. We shall consider this
problem below.

Let Y be the variable under study and let X1, Xz,...,Xk be k-independent auxiliary variables which are
highly correlated with the study variable. Let us first consider the following table showing the various
differences of sample means and sample medians for the k-auxiliary variables involved in the

description of the generalized estimator.

Table-6: Layout of the differences of means and medians for k-auxiliary variables

2

k

X

X1

X2

X3

Xk

Xr(m)= Xr(n):

X1(m)- X1(n)

X2(m)- X2(n)

X3(m)- X3(n)

Xk(m)- Xk(n)

A

5

Mx,__Mx,.'

A

*

Mxl_Mxl

A K

sz_Mx2

A K

Mx3_Mx3

A K

1\4,\%_1\4,\”/c

It is clear from the above Table-6 that the required number of partial regression coefficients is 2k and

they can be denoted in general as B2-1"and Bzfor r=1,2,...,k.

Then, the generalized form of the proposed estimator is given by

- - * - * o
YrEK(G) =V + By (X1im) — X100) + B, (M »,

s

— M )+ B (X20m) — X200) + i (M v, — M )

*

ot By (Vi = Xk )+ By (M = M ) (5.1)
_ _ k . _ _ . A F A
= Yrex@) =Va t Z Loy (Xkmy — Xkm)) + By, (M, — Mr) (5.2)
r=1
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Here,X:m and Xrn are the sample means of auxiliary variable X{r=1,2,...,k)based on the first phase

Ak

and second phase samples respectively. Similarly, M x, and M ., are the sample medians of the

auxiliary variable X; based on the first phase and second phase samples respectively.We define the

error functions as follows:

e =| L=~ ! (5.3)
) = = .
Y
For the k-auxiliary variables we define the error functions according to the following table
Table-7: Layout of the various error functions for k-auxiliary variables
r: 1 2 3 k
Xr: X1 X2 X3 Xk
esrs: Y — X Yo — X X — X Xk =X
V| T o e == €y = - Copys =| — =
X X X X
€4r-2. » ” » »
MXI_M)(I MxZ_sz M“’”A3_Mx3 MX’\'_MXA
€, = IV; € = IV; € = M €4k—2 IY;
€4r-1. B ;l(m) _} o — ;Z(m) —} e = ;3(m) _? e _ ;k(”‘) — }
3 X 7 X 11 X 4k—1 X
€qr! A K A K A E A E
M)c]_]‘lxl sz_sz 1\43(3_]\4)C3 Mxk—Mxk
€, = M € = M €n = M €y = M
In general the error terms defined in Table-7 can be expressed as
e, 5= [WJ (Based on second phase sample) (5.4)
X

88




International Journal of Ecological Economics & Statistics

M. —M.
e, , =| ————2= |(Based on second phase sample) (5.5)
M
e = xr(”')_XJ (Based on first phase sample) (5.6)
X
M.-M,
e, = T (Based on first phase sample) (5.7)

where for each case above r=1,2,....k

It is worth noting that there are a total of 4k number of error terms related to the auxiliary variables
Xr's(r=1,2,....k)

For r=1,2,...,k the various expectations are given below
E(eo) = E(e4r3) = E(e4r2) =0

E(es1) =E(es) =0

I 1 I 1 1 1 1
E 2 I 2 E 2 | 2 2 |1
(eO) (}’l N]Cy ; (e4r—3) El’l Njcx, ’ E(e4r—2) [l’l N) 4[fxr (MX' )]ZM;

11 1 1 1
E(e;, )=|———|C2  E(e =(_)
( 4r-1 Em NJ X, (e4r) m N 4[fx’ (Mxr )]2 M)i

I 1 1 1

E(eye,, ) = (n _ijx,.ycx,. C, E(eje,,_,) = _(n - NJ

Sy Lf, (M)
YM

xr

I 1 jSYMW [fx (Mx, )

)PW C,C, Elee,,) = _(; N YM

I 1
E(eOe4r71 ) = ( N

m N

1 1

E(ey, e, )= (m - Njcf,v

1 1 j SX,MXV [fx (Mx, )]_l

E(e, e, )=———— —
( 4r-3%4r 2) (l’l N Xer‘
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= E(e,, ,€4,)

T I o
€,. -€ =] — —
4r-3%4r m E,er‘

N
E(e,. e, )= (1 - 1] !
T m NS, (MY M

SX,Mxr [fx,_ (Mxr )]_l
XM,

1 1

E(e,,_e, )= —(Z - NJ

Now, forr#s (=1,2,...,.k)we have
E(esr3e4s-3) =E(€4r-3845-2) =E(€4r-3845-1) =E(€4r-3845) = 0
E(e4r-264s5-3) =E(e4r-264s.2) =E(€4r-2645-1) =E(€4r-2645) = 0 and so on.

This is due to the assumption of independence of the auxiliary variables X:’'s(r=1,2,...,k) and thus they

are uncorrelated and consequently the expectations of the product terms for r#s(=1,2,...,k) vanishes.
The generalized proposed estimator will reduce to the following form

_ _ k _
Vrexey =Y e + Z {ﬁZr—l Xr(ey =€)+ ﬂerx, (e, — e4r—2)} (5.8)

r=1
It is easy to see that E(Vrexe) = Y (5.9)

Thus, the generalized proposed estimator is also an unbiased estimator of the population mean.
Now, by the definition of variance we have

Var(yrex(e) =E{ Yrexe) - Y

_ X _ :
= E{Yeo + Z {ﬂ2r—l Xr(ey  —ey3)+ IBZerr (e, —€y,, )}} (5.10)

r=1
On simplifying the above expression of the variance (5.10) we arrive at the following form

r

1 1 k * k * _ k E3
- jS\z + ( - j{zz ﬂZr—l Sx,,y - 22 ﬂZrSYMX [f)( (Mx, )] L+ Zﬂzil sz,
n N n m r=1 r=1 " r=1

Var(;REK(G)) = (
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”

=2 BoriBorS, L (M )T 4025 B2 [, (M, )]} (5.11)

Deriving the least squares estimates of the partial regression coefficients in the same manner as

before we get

- ery ﬂ;rSX,MxY [.f;c, (Mx,_ )]_1
2 + 2
er Sx,.

N
ﬂ2r—1 =

(5.12)

S2 Sy, =S.,Sxu,
LS (M )]'(02582 —S%,, )

%

P,

(5.13)

forr=1,2,....k

Substituting these values (5.12) and (5.13) in (5.11) we obtain the expression of the minimum

variance of the generalized estimator as

+
S;  87(02587 =83, )

. — 1 1) (1 1) <

n m r=1

{S le (s xz S M, SpS XM, )’ }

(5.14)

— 1 1 1 1 k (Sf Sy, =SS xum )?
= MinVar = ——— |82 4| ——— 8§21 2 Tn My YO X M,
(¥ rex(c)) (m N) ¥ (n mj ¥ Z{Dm Syz-sz, (O.ZSS; _S;M‘ )

r=I

(5.15)

It is obvious from the above form of the variance that the generalized estimator is the most efficient as
compared to Yrex, Yka and the other standard estimators viz., ratio estimator (¥rtq), regression

estimator(Vreg)) and sample mean(y).

6. CONCLUSION

The proposed estimator yrex was developed on the basis of inclusion of an additional auxiliary

variable upon the estimator developed by Vadlamudi(2017), which makes use of only one auxiliary
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variable. This proposed estimator was found to be more efficient. The result of the empirical study

also confirms these findings.

Further, we proceed to generalize the Vadlamudi(2017) estimator by incorporating more auxiliary
variables. We define the estimator as yrex(c) on the basis of k-auxiliary variables(k>1). Analytically, we

found that the efficiency of yrek(c) increases subsequently for k=1,2,3,.....

Hence, the present study also shows that as more auxiliary information is included in the estimation

process, the more precise the estimator will be for estimating the population mean.
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