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ABSTRACT:

We studied the stability analysis of prey-predator model with constant harvesting of prey-species.
The basic mathematical model is described by the couple of differential equation. The Holling type
function -Il response is included in the prey-predator interaction. The well posed ness of the model
is explored. The bounded ness property and persistence is also addressed. The local stability
analysis is studied at all equilibrium points. The global dynamics is also studied and shown that the
system is asymptotically stable. Further numerical simulation is executed in support of stability
analysis.
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1. INTRODUCTION
Mathematical models of population growth are highly significant in nature. Nature invites many
challenges to human race. The ecological predictions are quite natural to describe the stability of
ecosystem. Prey-predator models are building blocks of Eco system. It Is the significant relationship
in ecology Many researchers’ attention has been capture in this interaction. The Dynamics of prey-
predator model is explored by Carlos [2], Freedman [4], Kot [6], Lakshmi Narayan [7], Lokta [8],
May.R.M [11], Murry [12,13], lima [10], Ranjith Kumar

[15] and Sita Rambabu [18]. The models with different holling time functional responses are also

included in the study. Later harvesting of prey-predator models are also explored by [1,3,16].

The dynamics of this relationship can help us to protect the diversity of species in large scale. An

important component in this relation is functional response of the predator. The

The detailed study of Holling type response in ecological models are dealt by [14, 17]and Authors
[1,5,9] explore the prey-predator models with Holling type functional responses. Later harvesting

effort is also included in prey- predator dynamics with different harvesting efforts.

Liu, W [9] studied the bifurcation analysis Michaelis- mention type harvesting models. Xiao [19]
analysed the constant harvesting models. In spite of the above models, we proposed the constant

harvesting in prey species with Holling type functional response.
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1 + kN:and studied the dynamics of the model includes the boundedness properties, long term
behaviour of the system, stability analysis at co-existing state. Finally, the analytical results are

supported by numerical simulation.

2. Mathematical Model
The mathematical model equations when constant harvesting function is taken for investigation when
harvesting on the prey species is given by following couple of differential equations.

ang _ _ 2 _ @1aNaNa

dat aiNy — ay, N 1+kNy @2.1)
dNp _ _ 2, @21N1N; ’
2 = GelNa = @ No” + =0

With initial conditions N;(0) = Ny, > 0 &N,(0) = Ny, > 0 (2.2)

The following notations are adopted.
N, &N,: Prey and predator population,a,,a,: Growth rates of prey and predator population
a4, : Internal competition of prey species, a,, : Internal competition among predator species.a;, &a,; :

prey-predator interaction rates. H is constant harvesting.

2.1. Bounded ness and positivity of the model
We proved that solutions of system of equations (2.1) along with the initial conditions (2.2) are
bounded and possess positive solution in R.

To prove the results, we use the following two lemmas.

Lemma1: if a,b > 0 and % < (Z)x(t)(a — bx(t)) with x(0) > 0 then
a a
logt—wosup x(t) = E (logt—moinf x(t) = E)
Lemmaz2: if a, b > 0 and % < x(@®)(a — bx(t))with x(0) > 0,then for all t > 0

a n . . a
x(t) < mwnh c=b-— e in particular x(t) < max{x(0), ;} forallt > 0

Theorem 2.1.1: All the solutions N, (t)&N,(t) of the system (2.1) are positive i.e., N;(t) > 0 &N,(t) >0
Proof: From the system of equations (2.1) the prey equation is given by

B = Nyo- fy (@rNy — g N2 — 228522 — ) e > 0

dt 0 1+kN;
it follows that, N;(¢) > 0.
. dN. NiN:
from the predator equations we have =2 = a,N, — a,,N,? + 222
dt 14+kN;
1.dN, _ _ az1 Ny L .
ar =% ay,N, + TN, which implies

az

t N
N, (8) = Nzoefo(az_a22N2+1+;‘N12)dt >0

hence N,(t) > 0 for all t > 0. Thus, all the solutions N; (t)&N,(t) are positive.

Theorem 2.1.2: All the solutions N; (t)&N, (t) of the system (2.1) are bounded for all ¢t > 0.
Proof: From (2.1) the prey equation is given by
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dn, 2
I a;Ny — ay Nf —

12NNy

TN, H < Ny(a; — a;1Ny)

using lemma2 where both a,&a;; >0

And N, (t) < —=2 and ¢ =a;; — -+
@11

—ce—a1t Nio
In particular Ny (¢) < max {Nyo, 1} = M, for all ¢ > 0. (2.1.2.1)
11

From the predator equation from (2.1) we have equations

dN, _ 2
e azNy — azo N, +

az1N1Np
1+KkN;

N . .
<N, (az + fj;Nl - azzNz) again, using lemma 2
2

. . . N M .
Which implies N, (az + ?:;le - azzNz) <N, (az + fﬁmi - azzNz) from equation (2.1.2.1)

} =M, forallt > 0. (2.1.2.2)

a(1+kNog)+az1 My

In particular N,(t) < max {Nzo, (L)

Hence the system (2. 1) possesses bounded solutions.

2.3. PERMEANCE:
The long-term behaviour of the dynamical system in particular the positive solutions of the system
approach the boundary of the positive orthant. If the system includes two spices the positive solutions
approach the boundary of positive quadrant (two-dimensional space) and for three species the

positive solutions approach the boundary of positive octant (three-dimensional space).

The permeance of the system exist if there exist two positive constants n, &, such that each positive
solutions of N, (t) &N, (t) with initial conditions N;, &N,, in R? satisfies,

min{ lim,_inf Ny(t, Nyg, Nyo), lim,_,inf N,(t, Nyg, Nog)} = 1, and

max{ lim,_,sup N;(t, N1g, Nog), lim;_esup Ny (t, Nig, Nog)} < 1,

Theorem 2.3.1. The system (2.1) is permanent if a,a,,(1 + kM;) > ai,[a,(1 + kM) + a;,M, ]
Proof: From the system of equations (2.1) the prey equation is given by

dn,

12NNy
dt

_ 2
=a;Ny — a1 Ny — 1N,

aqp{a,(1+kMq)+ay1 My}
—H = Ny(a; — a;1Ny — agpN,) =2 Ny (‘11 —ay Ny — W)

using the bounded ness property from equation (2.1.2.2)

a12{az(1+kMi)+az1M;}

dNy
puih — = -
Hence 2 =N (Ly — ay1N;) where L, = a, s (LKD)

Using lemma1 lim,_, o inf Ny (t) = :—1 and lim, e, sup Ny (£) <~ from equation (2.1.2.1)
11 11

From the system of equations (2.1) the prey equation is given by
dN,
dt

a1 N1 N,

= aal — o'+ TS
1

= Np(a; + az Ny — aNp) = Ny(a, + ap My — ap,N,)

L
2 where L, = a, + a,;M; and

@22

Using lemma1 lim,_,,inf N,(t) =

lim, o, sup Ny (t) < 23Nt anM g6 aquation (2.1.2.2)

a2 (1+kN10)
. L L 14+kNqg)+ M
Now choose 1, = min (—1—2) and 1, = max (&M) we get the permanence of the
g1 Az agp a22(1+kN10)

system (2.1).
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2.4. EXISTANCE OF EQUILIBRIA:
The lowest energy state of the system which is also stable is occurs at equilibrium points. Solve the

system of equations (2.1) we get the following possible equilibrium points.

I. The Extinct state E1:N, = 0,N, = 0 (2.4.1)
Il. Semi Extinct: One of the species will survive and other one is washed out.
Case (A) : Prey species exist and predator washed out.
To solve for the value of N, from equation (2.1) we get the quadratic equation given by
a N2 —a;N;+H=0 (2.4.2)

Solving the above equation (2.4.2) we get two roots for N; which is given by

Ny = (322) = ()2 = 4ay, H (2.4.3)

2a1q
Ny = (ZZI) +y(a)? — 4ay, H (2.4.4)

The equilibrium point exists only if (a,)? > 4a,,H

Hence the equilibrium points are  Ez: (N,,0) & (Ny,0) (2.4.5)

Case(B) : Prey species washed out & predator species exist .

E;: N, =0,N, = :—2 (2.4.6)

22

lll: Two species are survived
Solve the system of equations (2.1) we get the by quadric equation in Nz is given by
ar*+ b2 +cA2+dl+e=0 (2.4.7)
Here
a=ay1a5,k* , b =2k*ay;a55(az; — kay)
€ = @y Q1 Ax0k + kay (@2, + a3k? — 4kayayy) — (a; — H)k?ay,a,,
d = —kay;(a; — H)(az, — kay) + az 01155 — kazazayy + 2kay a5 — 2kazag az, + ag,
e =—(a, —h)a?, — kaya,,(a, — H) + a,ay,ay, — kay,a? (2.4.8)
On solving equation (2.4.7), four possible roots exist for N,. The second equilibrium point N; is

obtained from the following equation.

A = (+kNp)(azaNz-ap)

M oz (2.4.9)

The Four possible equilibria for this case are obtained by solving equation (2.4.7) and for each value

of Nzand corresponding value N, is obtained from equation (2.4.9).
2.5. STABILITY ANALYSIS AT EQUILIBRIA.

Local dynamics of the system calculated as follows.

Find the Jacobean matrix for the system (2.1) give as follows.
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Here
W,
11 sY12 >
oN, aN,
(2.5.1)
9%, 9%,
Jy=50p =
N, oN,
Here
NN
fi(Ny,N;) = ay Ny — ;1 Nf _0!111_’{;]12_
NyN.
fo(Ny, Np) = a;N; — azNp* + alzi—mlvzz (2.5.2)
Calculate the Jacobean matrix i.e.
kaizNp 12Ny
—auly+ (1+kND)?2  1+kN;
= (2.5.3)
az1Nz —aoN
(1+kNq)? 22772

Calculate the eigen equation for the above matrix given by det(J — AI) = 0.

Find the eigen values at each equilibrium point to find the nature of the system.

Case (i) E1(0,0) is unstable.

Case (ii): case A: The eigen equation for Ezis A2 + (ay; + ka,1)N;A = 0 ,where roots are
A=08&2A=—(ay; + kay;)N; hence the system neutrally stable.

Case (ii): case B: The Eigen equation for Ezis 12 + (a5, — ka;,)N,A — kozlzazzN_z2 =0,

The system is unstable since the product of the root is negative i.e., _kauazzN_zz

Case (iii): Ea: Two species survived.
The eigen equation is given by aA? + bA+c¢ =0 (2.5.4)
where a=1,

_ ( —kay,N, kay N;
T\ + kN2 (1 +kN,)?

c= ( K2@1581N1Ns  K@12@5N3
(1+kN1)2(1+kNy)? (1+kNq)?

+ a1 Ny + azzNz),

2
kazia11 Ny @12a21N1 N> )

+ a0 NN, + (1+kN2)2 ' (1+kN;)(1+kN3)

(2.5.5)

The system is stable if the sums of roots are negative, and products of roots are positive i.e

kaz1Ny kaizNp
If a1 Ny + ay, N, + k)2 > e and

2 2 2
kazia11NT @12a21N1N; k“a12a21N1N, kajpaz; Ny

@11@22NiNz + = 0r F Tk aring T GHNDZARN,)E (kN2

(2. 5.6)
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E4 is locally asymptotically stable condition (2.5.6) is satisfied otherwise unstable.
2.6. GLOBAL DYNAMICS:

Theorem 2.6.1: The system (2.1) is globally asymptotically stable at co-existing state Ea.
Proof: Choose the following Lyapunov’s function

V(N N;) = 1,(Ny — Nl)—Nllog( )+12[(1\1Z NZ)—Nzlog( )] (2.6.1)

Calculate time derivative for the above equation (2.6.1), we get.

dn,

av [t -2 1, 21 - ] (26.2)

dt_ 1dt

— a1z, — aziN
= 1[Ny — Ny] [(al —ay; Ny — 13(,\,21 - H] + I[Ny — N, ] [az — N, + 1:;(1\;2]

(2.6.3)

By proper choice of

— ap,N, ay Ny 1+ kN, 1+ kN,
= N; + —+H,a, = N, — —&l, = =
A = a1V N Az = Q21N 1+ kN, 1 a, 2 )

1+kN1

av —\2 1+kNy —\2
We get P (Nl N) - %211)(1\’2 -N,) (2.6.4)

Clearly % < 0 therefore the system is globally asymptotically stable at co-existing state.

3. NUMERICAL SIMULATION:

Example 3.1: Let a1=1, a2=1, k =0.5 a11=0.1, 012=0.1, a21=0.05, 022=0.5, N1 =25, N2=10.

Fig A: represents time series plot B: Represents phase portrait.

peny populstion
peedator population

popefation
angaatar

Fig 3.1(A) Fig 3.1(B)
3.1(A) : with (i) H = 0.1 ,(ii) H=0.01(iii) H=1 (iv) H=0.05 (v) H=2
Stable solutions converging to fixed equilibrium point E (9,2)
The range of 0.5 < k < 500 the prey & predator population range varies from
8<N, <10&2<N, <22
Fig 3.1(B): with () H=>2.3
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The system becomes stable to the fixed-point E (0,2)

Example 3.2: Let a1=1.5, a2=2, k =5 a11=0.1, 012=0.2, 021=0.03, 022=0.1, N1 =25, N2=10.

%
prey population
peedatar population ol -~ =
/
15 u
1
D] \ proy population
/ g [\ predator population
g If 210 \\__‘
B l\\ 5 =
15 - "
| \
o \
—— St w6 @ % w ® © & @m
L] L3 mn 15 xn F- o k) 40 45 & 4 = - E e =1 E
Time Time
Fig 3.2(A) Fig 3.2(B)

Fig 3.2(A): with 0.01 < H < 4.5

Stable solutions converging to fixed equilibrium point E (14,20)

The range of 5 < k < 500 the prey & predator population range varies from
10< N, <15&19 <N, <20

Fig 3.2(B): with (i) H > 5 Stable solutions converging to fixed equilibrium point E (0,20)

4. CONCLUSION

We consider a mathematical model of prey- predators’ interactions with constant harvesting on prey
species for investigation. The mathematical model with prey predator dynamics was studied and
prove that the eco-system is stable for co-existing state. The properties of the model were studied
like positivity, boundedness and permeance of the system. The stability analysis of the model was
discussed at possible equilibrium points.

Equilibrium points Nature of the system with linear type harvesting

E;:N,=0,N, =0

Un stable

E,;:N; #0,N, =0

Neutrally stable

E;:N; =0,N, #0

Un stable

E;:Ny #0,Ny, #0

Asymptotically stable if

kaz1Ny

kaqizNy

a1 Ny + ay, N, + and
1T 2202 T (14kNy)2 T (14KN)2
kayiai1N? 12021 N1 N.
Q1@ Ny Ny + 2111 21 12021N1N>
(1+kN>) (1+kNy)(1+kN7)
k2ajpaz1N1Np kaipaz2N5
(1+kN1)2(1+kN3)? (1+kNq)?
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Table 4.1
The global stability analysis is also studied and prove that the system is asymptotically stable. Further
Numerical simulation is performed in support of analytical results. The harvesting effort results are

placed below.

Examples Results with constant harvesting

Example 3.1 Stable solutions converging to fixed equilibrium point E (9,2)
When (i) H = 0.1, (ii) H=0.01(iii) H=1 (iv) H=0.05 (v) H=2
prey population is extinct.

when (i) H=2.3

Stable solutions converging to fixed equilibrium point E (0,2).

Eample3.2 with 0.01 < H < 4.5 Stable solutions converging to fixed equilibrium point E
(14,20).

prey population is extinct.

with (i) H = 5

Stable solutions converging to fixed equilibrium point E (0,20).

Table 4.2

The constant effort range for extinction of prey population is identified using numerical simulation.
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